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Classify the topological types of minimal sets

in lower dim. cases (Codim. 2)

minimal set
def⇐⇒ a closed invariant set

and minimal w.r.t. the inclusion.

In this talk, the progress of

my study on ’Warsaw circle

with inf.many singular arcs’×S1
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In ‘Foliations 2012 in ÃLódź’, I talked about¾
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Theorem.

There is a C∞ diffeomorphism of S1 × R
with a compact connected but not

path-connected minimal set containing arcs.

However the construction was complicated.

Recent improvement: simple construction (5

pages) and easy properties (3 pages)

Key point: ‘Warsaw circle is an inverse limit of

circles’



2 Warsaw circle
S1 = R/Z
χ0 : S1 − {0} → R defined by{

χ0(x) = sin 1
x if − 1

π ≤ x ≤ 1
π , x ̸= 0,

χ0(x) = 0 if 1
π ≤ |x| ≤ 1

2

Def 1. The closure of the graph of χ0

(graphχ0) is called the Warsaw circle X0.



3 Warsaw circle is an inverse limit of circles

an = 2
(4n−1)π for n = 1, 2, · · ·

Then sin 1
an

= −1.

We define a function gn : [−1
2 , 1

2 ] → R
(n = 1, 2, · · · ) by

gn(x) =


sin 1

x+an
if 0 < x ≤ 1

π − an

− sin 1
−x+an

if an − 1
π ≤ x < 0

0 if 1
π − an ≤ |x| ≤ 1

2



Yn =
(
graph gn/(−1

2 , 0) ∼ ( 1
2 , 0)

)
circles ∪({0} × [−1, 1])



We define a projection πn : Yn+1 → Yn s.t.

πn(x, y) =



(x + an+1 − an, y)
if an − an+1 ≤ x ≤ 1

π − an+1

(0, y)
if an+1 − an ≤ x ≤ an − an+1

(x + an − an+1, y)
if − 1

π + an+1 ≤ x ≤ an+1 − an

That is, the map πn collapses

{(x, y) ; an+1 − an ≤ x ≤ an − an+1} into the

y-axis horizontally.



For the Warsaw circle X0, we define

hn : X0 → Yn s.t.

hn(x, y) =

 (x − an, y) if an ≤ x ≤ 1
π

(0, y) if |x| ≤ an

(x + an, y) if − 1
π ≤ x ≤ −an

hn collapses {(x, y) ; |x| ≤ an} into the y-axis

horizontally.

Then πn ◦ hn+1 = hn. The maps {hn} induce a

homeomorphism from the Warsaw circle to the

inverse limit (Yn, πn).



4 Warsaw circle with inf. many singular arcs

In order to prove the theorem, we insert

infinitely many singular arcs into the circle.

{bn}n∈Z > 0: a sequence s.t.
∑

n∈Z bn < ∞.

ω: an irrational number

χ : S1 − {nω ; n ∈ Z} → R defined by

χ(x) =
∑
n∈Z

bnχ0(x − nω).



Def 2. graphχ in S1 × R is called a Warsaw

circle with inf.many singular arcs, denoted by X.
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p1 : S1 × R → S1; the proj. to the 1st factor.

Sn := p−1
1 ([nω]) ∩ X is called a singular arc,

whose length is 2bn.



5 History

(1) Jones constructed a minimal homeomorphism

of the Warsaw circle with infinitely many

singular arcs X,

(introduced in the book of Gottschalk and

Hedlund, 1955)

(2) Walker constructed a homeomorphism of

S1 × R whose minimal set is homeomorphic

to X in 1991.



(3) (Necessary conditions)

f : S1 × R → S1 × R; homeom

s.t. X is a minimal set.

f maps a singular fiber onto a singular fiber.

Thus we can define ρf : S1 → S1 by

ρf (x) = p1f(x, y)

for any y satisfying (x, y) ∈ X.
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Theorem. (N—, 2012)

ω: irrational number

X = graphχ (χ(x) =
∑

n∈Z bnχ0(x − nω))
If bn satisfies that

lim sup
n→∞

bn+1

bn
≤ 1 and lim sup

n→−∞

bn

bn+1
5 1,

=⇒ there is no C1-diffeom f of S1 × R
s.t. ρf is a rotation and X is a minimal set.

Walker’s example is not of C1.



6 Inverse limit of circles for the construction

For the construction of our C∞-diffeomorphism,

we use an inverse limit of circles whose singular

arcs are not vertical.



Preparation:

qn: so large integers (q1 = 2)
Ln ∈ Z+: L1 = 3 and Ln = 2qn

L1L2···Ln−1
− 1.

Xn = {(x, y) ; x ∈ R/Z, |y| ≤ 1}
We define a simple closed curve

Cn : R/LnZ → Xn by
Cn(t) = (t, L1 · · ·Ln−1t − 1

2 )
if 0 ≤ t ≤ 1

L1···Ln−1

Cn(t) = (−t + 2
L1···Ln−1

, L1···Ln−1qn

qn−L1···Ln
(t − Ln

qn
) − 1

2 )
if 1

L1···Ln−1
≤ t ≤ Ln

qn



and Cn

(
t + Ln

qn

)
= R 1

qn
Cn(t)



We define continuous maps

Ψn : S1 → S1 by Ψn(t) = p1Cn+1(Ln+1t).
ψn : Xn+1 → Xn by ψn(x, y) = Cn(Lnx)

S1 Cn+1(Ln+1t)−→ Xn+1

Ψn ↓ © ↓ ψn

S1 Cn(Lnt)−→ Xn

We will use the inverse limit (S1,Ψn) for the

construction of a C∞ diffeomorphism.



7 Overview of the construction of f

(in the manner of Handel and Fayad-Katok)

For n = 1, 2, · · · , we define θn by θn =
∑n

i=1
1
qi

.

Let Rθn denote the θn-rotation

Rθn(x, y) = (x + θn, y) in Xn.

We choose a C∞ embedding ϕn : Xn+1 → Xn

sufficiently near Cn satisfying

(a) Rθn ◦ ϕn = ϕn ◦ Rθn

(b) ϕn(ℓn+1) = ℓn for

ℓn = {Cn(t) ; 0 ≤ t ≤ 1/(L1L2 · · ·Ln−1)}.



(c) ϕn(Xn+1) ⊂ {(x, y) ∈ Xn ; |y| < 3
4}.

Let Φn = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕn.

Then Φ1(X2) ⊃ Φ2(X3) ⊃ · · · .
X =

∩
n Φn(Xn+1) will be a minimal set.



We give diffeomorphisms fn : X1 → X1

satisfying

(d) fn+1 = fn outside Φn(Xn+1) and

(e) fn+1(x, y) = ΦnRθn+1Φ
−1
n (x, y)

if (x, y) ∈ Φn(Xn+1) and

Φ−1
n (x, y) ∈ {(x, y) ; |y| ≤ 3

4}.

If we choose fn+1 sufficiently near fn,

then fn converges to a C∞ diffeomorphism f

of X1 as n → ∞.
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Then f is a C∞ diffeomorphism s.t.∩

n Φn(Xn+1) is a compact connected

but not path-connected minimal set of f

containing the arc ℓ1.
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8 Minimal sets

minimal sets Is there a diffeom

M f : Σ → Σ whose

minimal set is M?

(1) periodic points C∞

(2) circle C∞

(3) torus C∞

(4) Cantor set C∞ (horse shoe)

(5) Sierpiński T 2-set C2 by McSwiggen 1993



minimal sets f : Σ → Σ; diffeo ?

(6) pseudo circle C∞ by Handel 1982

(7) “Warsaw circle” discuss here

(8) Fayad-Katok C∞


