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Abstract

Let (G,G') = (U(n,n),U(p,q)) (p +q < n) be a reductive dual pair in the
stable range. We investigate theta lifts to G of unitary characters and holomorphic
discrete series representations of G, in relation to the geometry of nilpotent orbits.
We give explicit formulas for their K-type decompositions. In particular, for the
theta lifts of unitary characters, or holomorphic discrete series with a scalar extreme
K'-type, we show that the K structure of the resulting representations of G is almost
identical to the Kc-module structure of the regular function rings on the closure of
the associated nilpotent Kc-orbits in s, where g = £® s is a Cartan decomposition.
As a consequence, their associated cycles are multiplicity free.



Introduction

Let G = Sp(2N,R) be a real symplectic group of rank N. A pair of subgroups G and
G' is called a dual pair if G’ is the full centralizer of G in G and vice versa. We call the
pair (G, G") a reductive dual pair if both G and G" are reductive. In this paper, we will
be mainly concerned with the reductive dual pair

(G,G") = (U(n,n),U(p,q)) € G = Sp(2N, R), (0.1)

where N = 2n(p + q).

Let us consider the non-trivial double cover G = M p(2N, R) of G, called the metaplec-
tic group. For a subgroup L of G, we denote the pullback of L in G by L. The metaplectic
group G has a distinguished unitary representation €2, which has various names appearing
in various references; it is called the oscillator representation, or sometimes the metaplec-
tic representation, the Weil (or Segal-Shale-Weil) representation, etc. €2 is very small, and
in fact, its two irreducible constituents are among the four minimal representations of G
attached to the minimal (non-trivial) nilpotent orbit.

Using the oscillator representation §2, for a given irreducible admissible representation
7' of G', Howe associates n’ with an irreducible admissible representation = of G called
the theta lift of ©' ([4]). We shall denote this as 7 = 0(7') in this paper. Roughly saying,
7 is the theta lift of 7" if and only if there is a non-trivial morphism

Q— e asa (g K) x (g x K')-module, (0.2)

where g (respectively g') is the complexification of the Lie algebra of G (respectively G")
and K (respectively K') is a maximal compact subgroup of G (respectively G’). The
morphism in (0.2) should be interpreted in the sense of Harish-Chandra modules. For a
precise definition of ('), see §4.1.

Assume that the pair (G,G") is in the stable range with G’ the smaller member (see
[1, §5] for its definition). For (G,G') = (U(n,n),U(p,q)), this assumption amounts to
ptg<sn.

Under the stable range assumption, the structure of the theta lift #(x) of a unitary
character x of G’ has been thoroughly investigated for various pairs (see, for example, [8],
[9], [15], [18] and [5]). In particular, 6(x) is K-multiplicity-free, and it often has embed-
dings into certain degenerate principal series representations. It also has relatively small
(and explicitly specified) Gelfand-Kirillov dimension. It is likely that these representa-
tions should play an important role in the classification theory of unitary representations
of classical groups over R.

In this paper, we first give a brief account of some of these properties of 0(y) by
applying geometric considerations on certain nilpotent orbits (for the pair (G,G') =
(U(n,n),U(p,q)), p+q < n). Our geometric approach has several advantages to the
other methods. One of the advantages is that we can determine the associated cycle
of f(x) almost immediately. Another advantage is that the method works equally well
for theta lifts of some irreducible admissible representations other than characters. As a
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typical example, we examine the theta lift of a holomorphic discrete series representation
with a scalar extreme K'-type. .

Let 7, be a holomorphic discrete series representation of G' = U(p,q)”. Although
., itself is fairly well understood, it is not so for its theta lift §(x] ). By the general
arguments of Adams [1, §5], most of f(n] ) is realized as a derived functor module A,4()),
and consequently, its associated variety can be explicitly described. Furthermore, the
Blattner type formula for multiplicity of K-types of A4(\) will then give the decomposition
of O(m} ) ‘ 7 However, it is well-known that these general formulas are not very practical;
for example, the Blattner type formula for K-types gives the multiplicity as a summation
over certain Weyl group, and it is often difficult to extract precise value from it.

In contrast, our method gives 0(m,, )|z completely in terms of the branching coeffi-
cients of finite dimensional representations of general linear groups, called Littlewood-
Richardson coefficients, and there are known algorithms to calculate them effectively.

Moreover our method implies in a straightforward way that the associated cycle of 0(m; )
!

is multiplicity free if 7] , has a scalar extreme K'-type.

We shall be more precise in the following.

Let g = gly,(C) be the complexified Lie algebra of G = U(n,n). Take a maximal
compact subgroup K = U(n) x U(n) of G. Then it determines a (complexified) Cartan
decomposition g = ¢ @ s. We denote by AN (s) the cone of nilpotent elements in 5. Then
the complexification K¢ = GL,, X GL, of K acts on N (s) with finitely many orbits. We
use similar notations for G' = U(p, q).

Assume that (G,G') = (U(n,n),U(p,q)) is in the stable range with G’ the small
member, i.e., p+ ¢ < n, and take a nilpotent K{-orbit @' C N (s'). Then we can define
the theta lift O = 0(O’) of O in terms of certain geometric quotient maps with respect
to the action of K¢ and K. (see §1). It turns out that the associated variety of 6(x)
(x = det® for some k € Z ) is the theta lift of the trivial orbit {0} C A (s'), which we
denote by OF = 6({0}). Its Jordan type is 2v*7. 12"~ (+a)),

We introduce some notations. Denote by A" the set of dominant integral weights for
U(n) or GL,:

A::{)\:()‘laa)‘n)ezna)\lzZ)\n}

For A = (\q,...,\,) € A, 7, denotes an irreducible finite dimensional representation of
G L, with highest weight A, and \* = (=), ..., —\;) denotes the highest weight of the
contragradient representation 75. We denote the set of all partitions of length £ by P.
If k& < n, then P, may be considered as a subset of A} by adding n — k zeros in the tail.
Denote I, = (1,...,1) € Px. For a € P, and § € P,, we put

a®pf=(a,0,...,0,0%) €Al (0.3)

Note that the regular function ring C[O} | of the closure of O} inherits naturally a
Kc-action.

Theorem A The Kc-type decomposition of C[O} ] and the I?—type decomposition of



H(detk) are multiplicity-free and are described as follows:

@ *
C[Oﬁ,q] = Z (Taos)" ® Taws, and
a€EPyp,BEP,

@ *
Y (Tatkipo@-iiy ® Xpg) B (Taos ® Xpg). k>0,
a€EPp,BEP,;

@ *
g (Taos ® Xpa)* B (T(am1,)o(5-kT,) @ Xpa)» k <0,
a€Pp,BEPq

0(det")| . ~

where Xpq = det”z" is a character of U(n)~. Furthermore, the associated cycle of 0(det®)
s given by

AC 0(det”) = (O] (multiplicity-free).
As a corollary of the above theorem, we obtain

Dim#(det*) = dim O}, = (p+q)(2n— (p+¢)) and
Deg 0(det®) = deg O1

P
where Dim7 denotes the Gelfand-Kirillov dimension of 7 and Degm is the Bernstein
degree [17].

Next, let us consider a holomorphic discrete series representation 7/  of G' = U(p, q).
Let s’ =6’ ®s’ be a direct sum decomposition of s’ by Ad K¢-invariant spaces. Then the
associated variety of m  is s'_ = O!_ for an appropriate choice of the complex structure.
Here O, is the open dense Kg-orbit in s'_. Put Oy, = 0(0,,), the theta lift of O; .
Then Oy is a 3-step nilpotent orbit with Jordan type 37 - 2977 - 1**77=24 (for ¢ > p).

For p,v, A € A}, define the Littlewood-Richardson coefficient c,; A v by the branching
rule:

Ty ® Ty, Z® €y Ta- (0.4)
AeAd
For m,l € Z™, set
a(m) =m+ %2, bl:l+@, n even,
(m) = 5, b(l) 2 0.5)
a(m)=m+25L, b(l)=1+2,  nodd

Theorem B Let 7], be a holomorphic discrete series of U(p, q) with the following scalar
extreme K'-type:

x(m, 1) = det®™ K det "0, m,l € ZT.



Then the K¢ = GLyp X GLy-module structure of C[Okt] and the l}—type decomposition of
O(m],,) are described as follows:

_ ®
h ~ ®6 *
(C[O;,?é ~ E cg,[,* (Taes)" B 70, and
a,7€Pp
B,0€P,

9(71-:!01)

® ) *
22 ) D (Maram)o@+40L) @ Xpa)® B (Tyos ® Xp)-
a,7€Pp
B,0€Py

Furthermore, the associated cycle of 0(w] ) is given by
ACO(my,,) = [O]  (multiplicity-free).
As a consequence, we conclude that

Dim () = dim O;% = (p + q)(2n — (p + q)) + py, and

Degf(m,,,) = deg Okl

o

The above results are also valid for the following reductive dual pairs in the stable
range

(O(p,q),Sp(2n,R)) 2n < min(p, q),
(G,G") =4 (Ulp,q),U(r,s))) r+s<min(p,q),
(Sp(p,q),0*(2n))  n < min(p,q)

with appropriate modifications. We shall leave this to the interested reader.
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1 Moment maps
Unless otherwise stated, we always consider a reductive dual pair
(G,G") = (U(n,n),U(p,q))

in the stable range, where G’ is the smaller member, i.e., we assume that p + ¢ < n
throughout in this paper except for §§4.1 and 4.2.



Let g = Lie(G)c¢ be the complexified Lie algebra of G and fix a maximal compact
subgroup K = U(n) x U(n) in G. It naturally determines a complexified Cartan decom-
position g = € @ s, which is realized explicitly as

_ _(gl, O 0 M,

g=tds= <0 g[n> © (Mn 0 )
where M, = M, (C) denotes the space of all n x n matrices over C. Therefore we can
identify s = M,, ® M = s, ®s_. Here, M} denote the dual of M, via the trace form (or
Killing form). The complexification K¢ = GL,, X GL,, of K acts on s by the restriction
of the adjoint action, and the above notation is also compatible with the action of K,
i.e., s, are both stable under K¢, and s_ = M is the contragredient representation of
s, = M,.

Similarly, we choose a maximal compact subgroup K' = U(p) x U(q) C G', and a
complexified Cartan decomposition g’ = ¢ @ s'. We identify ' = ', @ s'_ = M, , ®
M, ,, where M,, = M, ,(C) denotes the space of all p x ¢ matrices, and we make the
identification M = M, similarly.

We define two moment maps ¢ and 1 as follows. Put W = M, 5, and take

X = <Zaj 5}) eEW (z,2€ Myn;y,w € Myy). (1.1)

Then they are defined as

(a,b) € M,, & M,,

p: W —s, P(X) = ('zz, '("yw))
! (c, d) € My, ® Mg,

bW =, Y(X) = (a'y, "(z"w))

We define an action of K¢ x K¢ on W in such a way that it makes ¢ and ¢ K¢ x K(--
equivariant maps. Note that Kc-action on s is given by the adjoint action, while K¢-action
on s is trivial. Similar remarks are applicable to the action of K¢ x K{ on s'.

Let ¢* and ¥* be the induced algebra homomorphisms of regular function rings. Thus
for example, we have the algebra homomorphism ¢* : C[s] — C[W], and in terms of
matrix entry coordinates, it is given by

p q
0 (ai)(X) = ("w2)i; = Y wrizmg, 0" (bg)(X) = “(Tyw),; =Y wyun,
P =1

where a;; € C[s] is the linear functional on s, taking a = (a;j)nxn € 64+ to the (7,7)-th
entry, and similarly for b;; € C[s_]. Classical invariant theory then tells us that

Image p* = C[W]¥c  and  Imagey* = C[W]¥e.

This means that both ¢ and v are geometric quotient maps from W onto their images.



For a subset S in g, we denote by A (S) the subset of nilpotent elements in S. It is
known that K¢ acts on N (s) with finitely many orbits, and that the Kc-orbits in A (s)
correspond bijectively to G-orbits in M (gr) (Kostant-Sekiguchi correspondence), where
gr denotes the Lie algebra of G (over R). It is easy to see that the moment maps preserve
nilpotent elements. Namely we have

PV (N(8))) CN(s) and  Y(pT (N(s)) C N(s).

The following result should be well-known to the experts, and can be proved by explicit
matrix calculations, which we shall omit. Recently we have learned more general and
sophisticated versions from Takuya Ohta.

Theorem 1.1 Assume that p+q < n. Take a Kl.-orbit O' C N'(s'). ThenZ = 1(O') is
the closure of a single K¢ X Kg-orbit in W. As a consequence, the variety = is irreducible,
hence p(¢p=1(O")) is the closure of a single Kc-orbit O € N (s).

Remark 1.2 Note that, if the nilpotent elements in O are k-step nilpotent, then those
in O are (k + 1)-step nilpotent.

Definition 1.3 We call the Kc-orbit O which is open dense in the image ¢ (¢)~1(0")) the
theta lift of O'.

Proposition 1.4 Let O be the theta lift of K¢-orbit O' C N(s'). Then the closure O is
a geometric quotient of = = v YO by K¢, ie., O ~ Z//K[. In particular, we have
C[0] ~ C[=]¥e.

PROOF. Since ¢ : W — (W) is a geometric quotient map, and = is a K(-stable
closed subvariety of W, the proposition follows from the general arguments on geometric
quotients. See [12] and [13] for details. Q.E.D.

2 Null cone
Let W =W, & W_ be a decomposition of W, where

T Z
e ()t = {() )

in the notation of (1.1). Let

Vp:Wo = Mpygn > (Z) = aly € My =5
be the restriction of ¢ to the “holomorphic” half of W. We put

Ny = 1/);1(0) = 7vZ}_l(O) Ny

and call it the null cone. Note that K = GL,xGL, and GL,,, which is the left component
of K¢ = GL, x GL,, act simultaneously on W,.
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Theorem 2.1 (Kostant) Assume that p+q < n. The null cone N, , is irreducible, and
the defining ideal I()M, ;) is generated by G Ly, -invariants of positive degree. Moreover, the
reqular function ring of N, , is naturally isomorphic to H, 4, the space of G'Ly,-harmonic
polynomials of W,.. We have

TV, = O, ] @ W19 = H, @ Tl ]

as GL,, x K-modules.

The above theorem tells us that the action of GL, on W, is completely determined by
its action on the null cone N, ,. Thus we are interested in the GL,, x Ki-module structure
of CN, 4] ~ H,,4 This is described below by the well-known result of Kashiwara and
Vergne [6]. See also [3].

We recall some notations from the Introduction. To make it more transparent, we
denote the irreducible finite dimensional representation of G'L,, with highest weight A € A

by T,in) Also fOI"OzEPp andﬂEPq: we put O‘®nﬁ:(a707"' 7075*) EAT—’L—

Theorem 2.2 (Kashiwara-Vergne, Howe) Assume thatp+q <n. As a GL, x K. =
GL, x (GL, x GL,)-module, we have

D n) x *
CNyg] = Hy g Z 7')(\@)“ X (T>(\p) gﬂ(ﬂ))-

AEP,
KEPy

Remark 2.3 The above isomorphism is a graded isomorphism if we assign the grading
on the homogeneous component Tig)u* R (77 ®rs) by |Al + |ul, where [A] = 32,
(vesp., [u[ = >_; p;) is the size of A (resp., p1). Similar remarks apply to isomorphisms in

Theorem 3.2 and Theorem 3.5.

3 Theta lift of orbits

3.1 Theta lift of the trivial orbit

First, we consider the simplest case, where the orbit @' is trivial. We write = = = =

p,q
¥~1({0}). Then we clearly have
E=20,=Me X Ny, C Wi x W_,

where the null cone 0N, is defined similarly as 91, ,. Since 91, , ~ N, , as varieties, and
the action of GL, x K on My, is dual to that on M, ,, we sometimes denote N, , by
9 .- In particular, we have C[0N, ] ~ C[0N, ,]* as a representation of G'L,, x K¢.

We denote the theta lift of the trivial orbit ©' = {0} by O . The closure O}  is
the geometric quotient of the product of null cones by the action of K. It is a two-step
nilpotent orbit with Jordan normal form represented by the partition 2P+e . 1272+,

We include the following simple proposition for its intrinsic interest (see [12] and [13]).



Proposition 3.1 Let O (p+ q < n) be the theta lift of the trivial K¢-orbit in N (s').
Then

(1) every two-step nilpotent Kc-orbit in N (s) for G = U(n,n) is of the form (’);,q for
some p+q <n. Two orbits (’);1 o and (’);2 . generate the same Ge-orbits if and only if
P1+q1 = P2+ G2

. . . 1 .
(2) The dimension and the closure of the orbit 0, are given by

dimO) , = (p+ ¢)(2n — (p+q)), = [ o,

r<p,s<q

(3) The variety (’)I} is normal. If p+ q < n holds, then we have C[O} ] = C[O]

q

The regular function ring C[@] has a beautiful K¢ structure, which is described
by the following theorem. It can be thought of as a generalization of the well-known
decomposition of C[M,, ] as a GL,, x GL,-module. We shall use this to determine the
associated cycle of the theta lift of a unitary character of G’ to G.

Denote

A;f(p, q) ={a®, B |a€ Pyl e€P,}. (3.1)

Theorem 3.2 Assume that p+q < n, and let O;yq C N (s) be the theta lift of the trivial
nilpotent K¢-orbit in N (s"). Then we have

— ®
ClOL ] ~ Z X1y,

AeAT (p,9)

as a Kc = GL,, x GL,-module.

Proor. The proof is similar to that of Theorem 3.5 below. See the remark after the
proof of Theorem 3.5. Q.E.D.

Remark 3.3 If p + ¢ = n, one can show that C[O;,q] ~ ZGB,\eA; * ® 7. Therefore,
ClO; ] is strictly larger than C[O} ] for p+ ¢ = n.

3.2 Theta lift of the dense holomorphic orbit

Note that 8’ C AN(s'). Since §'_ is irreducible and K[-stable, it has the dense open
K¢-orbit O] ), which consists of the matrices in M,, = §'_ of the maximal possible rank
min(p, q). L L

Let 032 C N (s) be the theta lift of O] . Since s'_ = O], we have Ol = (1)~ (s'_))
by deﬁn1t1on The elements in O}, are three-step nilpotent, and their J ordan normal forms
are represented by the partltlon 3” 2077 . 12P24 for ¢ > p.

We refer the following proposition again to [12] and [13].

hol?
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Proposition 3.4 Let O}, be the theta lift of the open dense Kg-orbit in s'_. Then

(1) the closure Okt (p + q < n) is a normal variety. The dimension of the orbit is
dim Oy, = (p+¢)(2n — (p + ) + py-
(2) O and Oy generate the same complex Ge-orbit in N'(g) if and only if (pa, ¢2) =

P1,q91 2,42

(p1,q1) or (q1,p1).
Theorem 3.5 As a K¢ = GL,, x GL,,-module, we have

[ 5]
QO ~ > % (Tavs) B Thes,

a,Y€EPp

B,0€Py

where clﬁy denotes the Littlewood-Richardson coefficient defined in (0.4).
PROOF. We put =,, = ¢ '(s'_) C W. Then, clearly we have =, , = 91, , x W_. Since

hol 3 - 3 o !
Ope is the geometric quotient of =, ; by K¢, we see
K,

O3] == CIZ,,)"% = (i, o) @ C])

pq

Since W = My @& M., we get (as a GL,, x Kg-module)

® n * n)*x
CW_] ~ CIM;, ] ® ClMyu] =~ Y (P B V) @ (70 ® 7V

1
AEP,
KEPy
D) g () v, () v, (P) g ()%
~ Z (R 7)) X Z Cagr Ty Z e 7, (Y TP,
)\EPp VEA;*L— AJ"‘,V

KEPy
In the last summation, note that it is sufficient to consider v = v ® 0 (y € P,, 0 €
P,), because otherwise the Littlewood-Richardson coefficient ¢y~ vanishes. The module
structure of C[N, ,| is given in Theorem 2.2, namely,

® n * *
CMy, = Y () R (7P R 7).

a€Pp
BEPq

Taking K¢ = GL, x GL,-invariants in the tensor product of these two spaces, we
obtain

—_ ! ® v n %
C[:p,q]KC = Z Ca,3* (T(Ez@)ﬂ) X ngn)a
,B,v

where v = v ® ¢ as mentioned above. Q.E.D.

Remark 3.6 We comment on the proof of Theorem 3.2. Recall that O} = ©(Z} ),
where =} =9, ; X Mg, Thus we get

C[@ = C[:l ]K& = (C[mp,q] ® (C[grt:o,qr]*)[qC .

—pq

a

The rest of the proof remains the same as above.
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4 Theta lifting associated to the dual pair (U(n,n),U(p,q))

4.1 Howe’s maximal quotient

Let (G,G') € G = Sp(2N,R) be a reductive dual pair, and Q be a fixed oscillator
representation of @, the metaplectic cover of G. Often when no confusion should arise,
we shall not distinguish €2 with its Harish-Chandra module.

Denote by Irr(g/, K') the infinitesimal equivalent classes of irreducible admissible

(¢, K')-modules, and R(g’, K'; ) the subset of those in Irr(g', K') which can be realized as
quotients by (g', K')-invariant subspaces of Q. According to [4], for each 7’ € R(g', K';Q2)
there exists a quasi-simple admissible (g, K)-module Q(7’) of finite length satisfying

Q/(r") ~Q(r") @7,

where

[(ﬂ-l) = m¢€H0m' Ker (¢)7 HOHII - HOHI (g’,[?/')(Qa T‘J)‘

Furthermore (7’) has a unique irreducible quotient, denoted by 0(7'). Q(n') is called
Howe’s mazximal quotient of 7', and @(x") the theta lift of ©'.
Note that any ¢ € Hom 17,)(9,7#) factors through a map ¢ : Q/I(n') — 7’ and

will therefore define an element in the algebraic dual of Q(7'). This association is (g, K)-
equivariant, and so we have (by taking K-finite vectors)

Lemma 4.1 We have the isomorphism

Q(n")" ~ Hom (g',ﬁ)(Qa ™) %-finite:

where Q(n')* is the dual in the category of Harish-Chandra modules.

We specialize to the case (G,G") = (U(n,n),U(p,q)) C Sp(4n(p + q),R). We shall
need to use the following

Proposition 4.2 Let (G,G') = (U(n,n),U(p,q)). Suppose ©' is the (g’,f[\(J’)—module
of

(1) a unitary character and p+ q < n; or
(2) a discrete series representation of U(p,q) and p+ q < 2n,
then the mazimal quotient Q(n') is irreducible. Hence we have 6(x") = Q(x').

ProOF. (1) is a special case of Proposition 2.1 of [18]. (2) follows from (the proof of)

Proposition 2.4 of [11], where it is shown that §(7") ® 7’ occurs as an irreducible summand
of Q|5 Q.E.D.
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We consider the see-saw pair ([7, 2]) :

G=  Uln,n) Ulp,q) xU(p,q) =1
U X U diagonal
K= U(n)xU(n) U(p,q) =G’

By the functoriality of the oscillator representation, we have
Q~xwew
as K x [N/—modules, where w is an oscillator representation associated to the dual pair:

(U(n),U(p,q)) € Sp(2(p + ¢)n, R),

and the first factor U(n) of K acts on the first factor of w ® w* via w, while the second
factor U(n) of K acts on the second factor of w ® w* via the dual of w.

Recall that associated to the dual pair (U(n),U(p,q)), the covering U(n)~ — U(n)
splits if and only if p + ¢ is even. When p + ¢ is odd, U(n)~ can be identified with the
half determinant cover, namely

Un)~ = {(u,c) € U(n) x C|c* = det(u)}.

Let det? be the character of U(n)~ defined by U(n)™ > (u,c¢) — ¢. Similar notations
apply to the characters of U(p,q)".
Let

A:(pa(I):{A:Oé@nﬁe/\:|aelpkaﬁelplakSpalSQ7k+l§n}

Note that this definition coincides with our previous notation of Af(p,q) for p+¢ < n
(see (3.1)).

The decomposition of an oscillator representation for a pair of compact type is well-
known [6, 4]. For the pair (U(n),U(p,q)), we have

® n n ~ ~
we Y (W@ xp) BL(RY)  (asa U(n)™ x U(p, ) -module),  (4.1)
XA (p,g)

where x,, = det”z". The irreducible representation L(T)(\n)) is a unitary highest weight

module of U(p, ¢)~ with minimal K'-type (Tép)®det%)&(Té‘”@det%)*. Thus as K x (g, ﬁ)—
modules, we have

* ® n n ® n * mn)\*
Qxwew | Y Wen)RLNY) | e D (@) ©x) R

eAT (p.9) neAT (p.q)

12

D n n * n n)\*
S (W @ x) B @ x0)7) B (L) © L7)7)
AueAT (p,q)

In view of the isomorphism Q(7)* ~ Hom , 7 (€, 7) 456> We have the following

12



Proposition 4.3 Let 7' € R(g/, K'; Q). Then
(') |z

© : n n)\* n n *
S dimHom g, ) (L(r”) ® L(r{), ™) (" @ x5.0) B (77 © x39))
AN (p,g)

~

or equivalently

© : n n)\* n * n
> dimHom i g (L(ri™) @ L(r{),7) (7" @ x0)" B (7 @ X)) -
AN (p,g)

4.2 Explicit K -type formulas

We first discuss some generalities on (g, K)-modules, where g is the complexification of
the Lie algebra of a semisimple Lie group G and K is a maximal compact subgroup of G.

Let H be a (g, K)-module which is K-admissible, i.e., dim Hom x (H, ) < oo for any
7 € Iir(K). We also assume that H is locally K-finite, which means that H = Hyg
where Hg denotes the space of K-finite vectors in H. Then, H* = Hom ¢(H, C)f is also
K-admissible and we have a canonical isomorphism H ~ (H*)*. Note that H* does not
denote the algebraic dual of H. A straightforward argument gives

Lemma 4.4 Let Hy be a (g, K)-module which is locally K-finite. Then, for any K-
admissible (g, K)-module Hy which is locally K-finite, we have

Hom (g gy (H; ® Hj, 1) ~ Hom (g ) (Hy, H).
By applying Lemma 4.4 twice, we obtain

Corollary 4.5 Let Hy be a (g, K)-module which is locally K-finite. Assume that Hy and
7 are K-admissible (g, K)-modules which are locally K-finite, and Hy @ m* ~ (Hy @ 7)*.
Then we have

Hom (G:K)(Hl ® Hj,m) ~ Hom (g,K)(Hla Hy @ 7).

We note that the hypothesis of the above corollary is satisfied if 7 is a finite dimensional
(g, K)-module, or if both Hy and 7 are unitary highest weight modules.

Combining Proposition 4.2, Proposition 4.3 and Lemma 4.4, we obtain the K-type
formula of #(det”) in Theorem A of the Introduction.

Theorem 4.6 (Lee-Zhu) We have
ZEB/\ef\t(p,q) (T/\ ® XM)* X (T/\ ® Xp,q)a k=0,

Q(det") ‘f( = Z®/\6Ai(p,q) (T(Hkﬂp@kﬂq) Q@ Xp,q)* X (T/\ ® Xp,q)a p+q<n,k>0,
Z@,\eAx(p,q) (72 ® Xp.a)* B (T4 i, 00k11) © Xpag)s p+q<nk<O0.
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In particular, this gives the I}—type decomposition of the theta-lift H(detk), forp+q <n.
For n € A3, and p,v € Af, define branching coefficients b7 , by
2n ~ ® n n
qu ) GLoxGL, Z bZ,VT‘S )R ), (4.2)
u,l/eAﬁ

The following proposition is a special case of Howe’s reciprocity theorem [2]. We give an
argument for the sake of completeness. Similar arguments will be omitted later.

Proposition 4.7 For p, v € Af(p,q), we have
n n)\ ~u ® 2n
LirM) @ L(z{") ~ Y b L(r\™™).
neA, (p.a)

PROOF. For the moment, we let (G,G’) = (U(2n),U(p,q)) C Sp(4n(p + q),R), and let
® be an associated oscillator representation. We have the see-saw pair:

G=  U(2n) Ulp.q) xU(p,g) =L
U X U diagonal
K = U(n) xU(n) U(p,q) =G

Functoriality of the oscillator representation implies that
dP~wRw

as K x [N/—modules, where as before w is an oscillator representation associated to the
dual pair:
(U(n),U(p,q)) € Sp(2(p + g)n, R).

Thus we have

@ S
P~ Z (T/_(Ln) ® Xp,q) X L(T;Sn)) ® Z (T,E”) ® Xp,q) X L(TV(”))

peAT (p,9) veAt (p,q)
D
~ (T @ xpg) B (T ® X)) B (L(TM) ® L(7(M)) . (4.3)
MoV

On the other hand, we have (as G x Zﬁ—modules)

D
P ~ 2:(#M®M@mewy
neAs, (v.q)
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From the definition of the branching coefficient (4.2), we have

52 n n @ n
® =~ Z ((T/_(L '® Xp,g) X (TIE '@ Xp,q)) X Z bZ,uL(Tf )) : (4.4)
H neAF, (p.q)
Comparing (4.3) and (4.4), we get the desired formula. Q.E.D.

From now on, we assume that the pair (G,G’) is in the stable range with G’ the

small member, namely p + ¢ < n. Then L(T/gn)) is a holomorphic discrete series for each
A€ A (p.q)
Let xo be the following character of U(p, q)™:

B 1, n even,
Xo = detfé, n odd,

and for A € Af(p,q), let

L(r™) = xo ® L(r™). (4.5)

Thus L( (n )) defines a true representation of U(p, q).

Recall also that associated to the dual pair (U(n,n),U(p,q)), the covering U(p, ¢)~ —
U(p, q) splits. Note that since we are assuming that the pair is in the stable range, any
unitary representation of U(p, ¢) is in the domain of theta correspondence. See [10].

For A\ =a ®, 3 € A} (p,q), denote

by inserting n extra zeroes. We note that each n € A}, (p,q) is of the form X for some
A e AT (pq).

Theorem 4.8 C’onsider the dual pair (G,G") = (U(n,n),U(p,q)) (p +¢q < n) in the
stable range. Let L(T,, ) be a holomorphic discrete series of U(p,q), where v € A (p,q).
Then its mazimal quotient Q(L( ,S"))) is irreducible and gives the theta-lift H(Z(T,S"))) €
Trr(U(n,n)~). We have K -type decompositions

@ n * n
G(L(TIE )))‘f? = Z b)\ ( (,\j_ 21,00 %1q) ® Xp,q) X (TL(L ) X Xp,q); n even,
Apent (p.q)

® 5 . (n .
Q(L(TIEn))) ‘ [? = Z bz,l/ (T((Ain 1 I @n TL+1 ) ® Xp,q) ( /_(L ) ® Xp’q), n 0dd7
e (p,q)

where the branching coefficient b)) , is defined in (4.2).

N4
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Proor. If n is even, then by Corollary 4.5 and Proposition 4.7, we have

n n)\* n ® n .
Hom (g,,[?)(L(TA( )) ®L(TIS 0¥, L(1M)) ~ Z b}, Hom (gr,ﬁ)(L(T)(\ ))7L(T752 ).

neAF, (p.q)
Ifn= gfor ¢ € Af(p,q), then we have

@n)\ 7 (n)
L(Tg ) = L(T<s+gﬂp®ngﬂq>)’

by comparing the minimal ﬁ—types. Note that when n is odd, we have

L(Tgn)) ~ det'? @ L(T(n) ).

(E+252 1,00 22 1)

Thus

dim Hom (, = (L(r{") ® L(r{")", L(r{")) = 15,

where A = { + 21, ®, 51, and £ € A (p, q).
In view of Proposition 4.2 and Proposition 4.3, the desired result follows. The case of
odd n is similar. Q.E.D.

4.3 Theta lifting and associated cycles

For the moment, let G be a non-compact semi-simple Lie group of Hermitian type and
K a maximal compact group. Let g = €@ s be a complexified Cartan decomposition and
further let s = s, & s_ be the Ad K-stable decomposition of s. An irreducible unitary
representation 7 of GG is said to be holomorphic if there are non-zero K-finite vectors v
in the space of 7 such that 7(s_)(v) = 0. Then the space of such vectors v is irreducible
under K. This is the (unique) minimal K-type of 7, and it determines the representation
m completely. We denote an irreducible holomorphic unitary representation with the
minimal K-type o € Irr(K) by 7(0).

We give a result on tensor product of a holomorphic unitary representation and a
holomorphic discrete series representation with a scalar minimal K-type.

Proposition 4.9 Let m be a holomorphic unitary representation of G, and w(x) be the
holomorphic discrete series representation of G- with the one-dimensional minimal K -type
X. Suppose that m has the following K -type decomposition:

W‘KZ Z m(7)T,

Telrr(K)

where m(1) is the multiplicity of 7. Then

T m(x) = Z m(7)7 (T ® X). (4.7)

Telrr(K)
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PROOF. Since 7(x) is a holomorphic discrete series with the scalar minimal K-type
X, we see that for any K-type 7 of m, m(7 ® x) is also a holomorphic discrete series
representation. Thus we have

T(x)|c = x ® S[s4],

and

(T @ X)| o = (T ® x) ® Ss4],
where S[s, ] is the symmetric algebra over s, .

Therefore the left and right hand side of (4.7) are isomorphic as K-modules.

On the other hand, it is clear that 7 ®m(x) is the direct sum of irreducible holomorphic
unitary representations (cf. Proposition 4.7 for the case which concerns us), and each K-
type occurs with finite multiplicity. General theory for holomorphic representations tells
us that their G-module decompositions (in the Grothendieck group) are determined by the
weight space decompositions with respect to the compact Cartan subgroup 7' C K. We
thus conclude that the isomorphism of the left and right hand side of (4.7) as K-modules
in fact induces an isomorphism as G-modules. This proves the proposition. Q.E.D.

We are now back to the dual pair (G,G") = (U(n,n),U(p,q)) (p+¢q < n) in the stable
range. For m,[ € Z*, denote

v(m,l) =ml,®, [, € A} (p,q).

Then E(TIEZL 1)) is a holomorphic discrete series of U(p, ¢) with the scalar minimal K'-type

(det? Kdet™?) ® (det™ X det ™), n even,

x(m, 1) = - wit l
(det = Kdet™ 2 )@ (det™ X det "), n odd.

Proposition 4.10 For u € A (p,q), we have

M)\~ © (2n)
L(Tlsn)) ® L(Tu?m,l)) - Z Cgaﬁ*L(T(Oéimﬂp)an(ﬁHHq))'
aEPp,BEP,

Proor. We consider the see-saw pair:

U(n) Up) xUlg) =K
N X N
U(n) x U(n) Ulp,g) =G
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Howe’s reciprocity theorem [2] implies that

n n P
L(Tﬁn)) o (det 2z M detz) ® ( Z Cg,ﬂ*Tép) < (Téq))*)‘
a€Py,BEP,
Proposition 4.9 then implies the result. Q.E.D.

By Proposition 4.7 and Proposition 4.10, we have the following

Corollary 4.11 For € Af(p,q), and o € Py, 8 € P,, we have

N _ b(a+mﬂp)®2n(ﬁ+lﬂq)

+
Cage = Upvim ) , m,l € ZT.

Theorem 4.8 and Corollary 4.11 now imply the K-type formula of @(m! ;) in Theorem
B of the Introduction.

We recall the notion of associated variety and associated cycle for a Harish-Chandra
module V', which are denoted by AV (V') and AC (V) (see for example [14]). By a general
result of [16], we have

Lemma 4.12 The associated varieties of the theta lifts 6(det®) and H(E(TZEZZ1 y)) are given
as

AV (0(det®)) = O ,  and AV (H(E(T(n) l)))) = Opel

D9’ v(m, P,q”

Remark 4.13 The associated variety of the theta lift of any holomorphic discrete series

of U(p, q) is the same, namely Obl. The same remark is valid for the theta lift of any irre-

ducible finite dimensional unitary representation of U(p, ¢). Of course such an irreducible
finite dimensional unitary representation is a unitary character of U(p, ¢) unless pq = 0.

The main result of this section is the statement on associated cycles of #(det”) and

G(Z(TIE@”))) in Theorems A and B of the Introduction.

Theorem 4.14 Consider the dual pair (G,G') = (U(n,n),U(p,q)) (p + ¢ < n) in the
stable range. Then we have

AC (0(det®)) = [OF ], and  AC(O(L(riph ) =[Of),  k€Z,m,l€Z".
PROOF. We compare the K-module structure of #(det®) (resp., G(Z(TIE?TLZ)))) with the
Kc-module structure of C[O! ] (resp., C[O5]).

_For det*, the K-module structure of #(det*) coincides with the Kc-module structure of
ClO} ] up to the obvious determinant shift, and the shift in the parameter A = a ©, 8 —
(o + kI,) ®y (B + kL,). See Theorem 4.6 and Theorem 3.2.
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. bua,j(:]ll))QQR (B+ilg) fOI' 1€ A+(p, ) and o € Ppa/B S Pl]’ we

see that the K-module structure of 6(L (TV(T)n y)) coincides with the K¢-module structure

For Z(TIEZZM)), since ¢, 5. =

of C[@] up to the obvious determinant shift and the shift in the parameter o ®, § —
(a4 a(m)L,) ©, (8 + b(1)1,). Here a(m) and b(l) are given in (0.5). See Theorem 4.8 and
Theorem 3.5.

Thus in either case, the two Hilbert polynomials (associated to Kc-stable filtrations)
have the same degrees and the same leading terms. In particular we have

Deg (0(det*)) = deg(D,), and  Deg (0(L(r}), 1)) = deg (D).

pq pq

Our assertion follows from the equality of these degrees. See [14, Th. 1.4]. Q.E.D.
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