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Introduction

Dual pairs are introduced by Roger Howe
It is a powerful and leading machinery in the representation theory and
some part of invariant theory

The theory includes
© Good description of invariants
© Structure of harmonics or null fibers
O A big symmetry beyond the classical invariants
@ Producing a new construction of (infinite dim) unitary representations
© Describing branching rules for various (infinite dim) representations

© And more ... , which you can explore!

We will explain only a small part of the relationship
between the theory of dual pairs and the classical invariant theory
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Wi = R?N : symplectic space  with (u, v) : symplectic form
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Dual pairs
Wi = R?N : symplectic space  with (u, v) : symplectic form
= symplectic group G = Sp(Wg)
Definition (dual pair)
(G, G') : reductive dual pair in Sp(Wg) if
O G, G’ are reductive subgroups in Sp(Wg)

@ mutually commutant to each other in Sp(Wk)

G'={heG|gh=hg (VgeiG)}
G={geG|gh=hg (Yhe G}
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Dual pairs
Wi = R?N : symplectic space  with (u, v) : symplectic form
= symplectic group G = Sp(Wg)
Definition (dual pair)
(G, G') : reductive dual pair in Sp(Wg) if
O G, G’ are reductive subgroups in Sp(Wg)

@ mutually commutant to each other in Sp(Wk)

G'={heG|gh=hg (VgeiG)}
G={geG|gh=hg (Yhe G}

KCG, KC G, K'"C G': maximal compact subgroups
We can assume: K- -K' CcK
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Dual pairs of type | with Hermitian G’

F =R, CH : field with conjugation ¢
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Dual pairs of type | with Hermitian G’

F =R, CH : field with conjugation ¢

V' : vector space /IF with (-Hermitian form (,)y

U : vector space /F with c-anti-Hermitian form (, )y
= W = V @y U with c-anti-Hermitian form (,)w =(,)v @ (,)u
= (x,y) =Im(x,y)w : symplectic form on W := W/R
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F =R, CH : field with conjugation ¢

V' : vector space /IF with (-Hermitian form (,)y

U : vector space /F with c-anti-Hermitian form (, )y
= W = V @y U with c-anti-Hermitian form (,)w =(,)v @ (,)u
= (x,y) =Im(x,y)w : symplectic form on W := W/R

G := Sp(WR) : symplectic group

Put G:=U"(V)®1< G : isometry group wrt (,)y
G': =12 U (U) — G : isometry group wrt (,)y
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Dual pairs of type | with Hermitian G’

F =R, CH : field with conjugation ¢

V' : vector space /IF with (-Hermitian form (,)y

U : vector space /F with c-anti-Hermitian form (, )y
= W = V @y U with c-anti-Hermitian form (,)w =(,)v @ (,)u
= (x,y) =Im(x,y)w : symplectic form on W := W/R

G := Sp(WR) : symplectic group

Put G:=U"(V)®1< G : isometry group wrt (,)y
G': =12 U (U) — G : isometry group wrt (,)y

Lemma

(G, G") is a reductive dual pair inside G J
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Table of type | dual pairs
field (G, G") stable range

R: (O(p,q),Sp(2n,R)) 2n < min(p, q)
C: (U(p,q),U(m,n)) m+n<min(p,q)
H: (Sp(p,q),0%(2n))  n < min(p,q)
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Table of type | dual pairs
field (G, G") stable range

R: (O(p,q),Sp(2n,R)) 2n < min(p, q)
C: (U(p,q),U(m,n)) m+n<min(p,q)
H: (Sp(p,q),0%(2n))  n < min(p,q)

O(p, q) : orthogonal group preserving indefinite quadraric form
2 2_ 2
XA X = G T~ X
U(p, q) : indefinite unitary group preserving Hermitian form

X1Y1+ o XpYp — Xpr1Yptl — t — XpiqYpig
Sp(2n,R) : symplectic group preserving symplectic form

p =0 or g =0 = dual pair of compact type
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See-saw pair & diamond pair

Upg ~- 7 Sp2n(R)2
U, x Uq Op,q == Sp,,(R) VA
~ N
Op x O # s Up
U2p,2q 7 05,2

USp,, X USp,, Un
Uzp2q ™ 7 Unn
e Uy AN
Sp2p,2q O2p,2¢ === Spy,(R) 03,
N N S
Upg = “x Up
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Comapct dual pair & harmonics

Diamond pair of compact type
Uzp = 7 Uk
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Comapct dual pair & harmonics

Diamond pair of compact type

U2n e

U, -~ N

(G, G") C Sp(Wr) : dual pair with G compact (one of the above)
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Comapct dual pair & harmonics

Diamond pair of compact type
Uop ~- 7 Ugk
ST =
USpy, 02, = Spyk(R) O3
N/ N S
U, = e Uy
(G, G") C Sp(Wr) : dual pair with G compact (one of the above)

We = Wg @r C= X @ Y : 3 polar decomposition /C s.t.
O X & Y : max totally isotropic

Cf
O K' C G': max compact subgrp == K¢
Gc x KL " X: holomorphic action
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Comapct dual pair & harmonics

G X = G acts on functions on X
m(g)f(x) =f(g 'x)  (f(x) eC[X],g € G)
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Comapct dual pair & harmonics

G ¥ X = G acts on functions on X
m(g)f(x) =flg"'x)  (f(x) €C[X],g € G)
C[X]®: G-invariants (= Gg-invariants ) i.e.,
C[X]¢ = {f(x) € C[X] | n(g)f(x) = f(x)} : graded algebra
= C[X]$ : invariants of positive degree
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G ¥ X = G acts on functions on X
m(g)f(x) =flg"'x)  (f(x) €C[X],g € G)
C[X]®: G-invariants (= Gg-invariants ) i.e.,
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Definition (harmonics)
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Example

G=0,(R) ¥ X=C"  CX]° =[]
£=x%+---+x2 < Laplacian A = 02 + .- + 92
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Comapct dual pair & harmonics

G ¥ X = G acts on functions on X
m(g)f(x) =flg"'x)  (f(x) €C[X],g € G)
C[X]®: G-invariants (= Gg-invariants ) i.e.,
C[X]¢ = {f(x) € C[X] | n(g)f(x) = f(x)} : graded algebra
= C[X]$ : invariants of positive degree

Definition (harmonics)
H(G) = {f e C[X] | p(O)f =0Yp € C[X]¢} : G-harmonics (G x K'-module)

v

Example

G=0,(R) ¥ X=C"  CX]° =[]
£=x%+---+x2 < Laplacian A = 02 + .- + 92

H(G) ={f € C[x1,...,xs] | Af =0} = @zo V()
V(¢) = (spherical harmonics of deg ¢)
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Comapct dual pair & harmonics

Theorem
@ Multiplication : H(G) ® C[X]® — C[X] is surjective
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Comapct dual pair & harmonics

Theorem
@ Multiplication : H(G) ® C[X]® — C[X] is surjective

Q G is relatively large = C[X] ~ H(G) ® C[X]® as G x K'-module
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Comapct dual pair & harmonics

Theorem
@ Multiplication : H(G) ® C[X]® — C[X] is surjective
Q G is relatively large = C[X] ~ H(G) ® C[X]® as G x K'-module
O G is relatively large =

H(G) ~ P o ® T : mult-free decomp as G x K'-mod, where
Irr(G)x 3 0 <> 7 € Irr(K')x : one-to-one correspondence
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H(G) ~ P o ® 7 : mult-free decomp as G x K'-mod, where
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Theorem is a consequence of the classical invariant theory
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Comapct dual pair & harmonics

Theorem
@ Multiplication : H(G) ® C[X]® — C[X] is surjective
Q G is relatively large = C[X] ~ H(G) ® C[X]® as G x K'-module
O G is relatively large =

H(G) ~ P o ® 7 : mult-free decomp as G x K'-mod, where
Irr(G)x 2 0 <> 7 € Irr(K')x : one-to-one correspondence

Theorem is a consequence of the classical invariant theory

Example

CX] = H(G) @ Cl¢] = Do H(G) &*
H(G) = Do V(4)

V(0)

sn—1 = polynomials of deg ¢ restricted to the sphere sn-i
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Comapct dual pair & harmonics

Example
(G, G') = (Om(R), Sp2k(R)) in Spymk(R) ;: Gec = Om(C), K¢ = GL«(C)
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Comapct dual pair & harmonics

Example
(G, G') = (Om(R), Sp2k(R)) in Spymk(R) ;: Gec = Om(C), K¢ = GL«(C)

We = Mp2k(C) = My k(C) @ My, (C) :== X @ Y : polar decomp
Ge ¥ X = My (C) " KL : natural left (resp. right) action
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Example
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We = Mp2k(C) = My k(C) @ My, (C) :== X @ Y : polar decomp
Ge ¥ X = My (C) " KL : natural left (resp. right) action

Assume m > 2k (stable range condition) then

C[X] ~ H(Opm) ® C[X]°m




Comapct dual pair & harmonics

Example
(G, G') = (Om(R), Sp2k(R)) in Spymk(R) ;: Gec = Om(C), K¢ = GL«(C)

We = Mp2k(C) = My k(C) @ My, (C) :== X @ Y : polar decomp
Ge ¥ X = My (C) " KL : natural left (resp. right) action

Assume m > 2k (stable range condition) then

CX] ~ H(0m) ® C[X]°"
invariants:  C[X]°™ ~ C[Sym,]




Comapct dual pair & harmonics

Example
(G, G) = (Om(R), Spok(R)) in Spoyk(R) 5 Gc = Om(C), K¢ = GLi(C)
We = Mp2k(C) = My k(C) @ My, (C) :== X @ Y : polar decomp

Ge ¥ X = My (C) " KL : natural left (resp. right) action

Assume m > 2k (stable range condition) then

C[X] ~ H(Om) ® C[X]°m
invariants:  C[X]°™ ~ C[Sym,]
harmonics:  H(Om) ~ @ ox®pr (Om x GLik-mod)
AEPy

where

Pe={A=(A1,-- -, Xk) | A1 > > X >0}
oy: irred finite dim rep of Op, with ht wt A
px: irred finite dim rep of GLj
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Comapct dual pair & harmonics

Generic Op-orbit @ in M, i is closed and
isomorphic to Stiefel manifold O ~ O,,/O0,,_«
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Comapct dual pair & harmonics

Generic Op-orbit @ in M, i is closed and
isomorphic to Stiefel manifold O ~ O,,/O0,,_«

The regular function ring : C[O] ~ Indgz_k 1~H(Op) =
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Comapct dual pair & harmonics

Generic Op-orbit @ in M, i is closed and
isomorphic to Stiefel manifold O ~ O,,/O0,,_«

The regular function ring : C[O] ~ Indgz_k 1~H(Op) =

Theorem
If m > 2k, then as representation of O,

CO] ~ Indgm_ 1= Ae% (dim px) ox  (as Op, -mod)
€Pk

where p) is a representation of GLy
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Comapct dual pair & harmonics

Generic Op-orbit @ in M, i is closed and
isomorphic to Stiefel manifold O ~ O,,/O0,,_«

The regular function ring : C[O] ~ Indgz_k 1~H(Op) =

Theorem

If m > 2k, then as representation of O,

CO] ~ Indgm_ 1= Ae% (dim px) ox  (as Op, -mod)
€Pk

where p) is a representation of GLy

Remark

Frobenius reciprocity tells us that dim(o)%m* = dim py

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 12/ 28



Comapct dual pair & harmonics

Complete description of C[Mp,«] as a O, x GLg-module
X = Mpmx Assume m > 2k

C[X] ~ H(Om) ® C[X]°™ ~ H(O,) @ C[Sym,]
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Comapct dual pair & harmonics

Complete description of C[Mp,«] as a O, x GLg-module
X = Mpmx Assume m > 2k

C[X] ~ H(Om) ® C[X]°™ ~ H(O,) @ C[Sym,]
We need

Lemma
As a GLy-module,  C[Sym,] = D, cp, Pou J

Thuswe get C[X]~ @ or® (pr @ p2y)
)\,HEP[(
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Complete description of C[Mp,«] as a O, x GLg-module
X = Mpmx Assume m > 2k
C[X] =~ H(Om) @ C[X]°™ ~ H(Om) @ C[Sym,]

We need

Lemma
As a GLy-module,  C[Sym,] = D, cp, Pou J

Thuswe get C[X]~ @ or® (pr @ p2y)
A:NEPk

Tracing the effect of degree, we get

Theorem

CMmila = @ or®(pr®p2u) where X, € P moves under the
A:NEPk
condition || 4+ 2|p| = d
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Comapct dual pair & harmonics

Example
(G, G") = (Un, Uk k) in Spap(R) ;
Gc = GL,(C), Ki = GLk(C) x GL,(C)
We = M2p2k(C) = Mp 2k (C) ® My 2k (C) :== X @ Y : polar decomp
Ge ¥ X = Mk (C) 7 KL
where X = My, 4(C) = (C")* ® Ck & C" @ (CK)*

Assume n > 2k (stable range condition) then
C[X] ~ H(GL,) ® C[X]C!"
invariants:  C[X]®" ~ C[M]
(n) (k)

: k
harmonics:  H(GLn) = @D, gep, Puos @ (Pa” @ pg ))
(GL, x (GLx x GLy)-mod)

a®6: (ala"'7ak707"'07_ﬂk7_6k—17--'7_6k)

pg‘k): irred finite dim rep of GL,

v
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Comapct dual pair & harmonics

Example
(Gv Gl) - (Usp2m O;k) in Sp4nk(R) ; G(C — szn(C), K(,C — GLk(C)

We = M2n,2k((c) = M2n,k((c) © M2n,k((c) =X @Y : polar decomp
Gec v X = Mg,,,k((C)n K¢ by multiplication

Assume n > k (stable range condition) then
C[X] = H(Spas) ® CIX]*P>
invariants:  C[X]°P2n ~ C[Alt,]
harmonics:  H(Sp2n) = @ep, ™A @ Pa (SP2s X GLi-mod)

where
Tx: irred finite dim rep of Sp,, with ht wt A
px: irred finite dim rep of GLj
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Intersection of harmonics

Intersection of harmonics

Recall the diamond pair of cpt type:
Us, ~- -7 Uk,k
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Intersection of harmonics

Intersection of harmonics

Recall the diamond pair of cpt type:
Uzp = 7 Uk
/M\
Usp2n O2n 'H Sp2k(R) O;k
N/ ' N7
Un £ S Uk
For these pairs, 9 the same polarization Wz = X @ Y and
the harmonics H(G) C C[X] is in a common ambient space C[X]
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Intersection of harmonics

Intersection of harmonics

Recall the diamond pair of cpt type:
U2n s -7 Uk,k
ST N
USpy, Oz, <— Spy(R) O3k
N/ N S
Un £ S Uk

For these pairs, 9 the same polarization Wz = X @ Y and
the harmonics H(G) C C[X] is in a common ambient space C[X]

— we can take intersection

H(Un) = H(O2,) N H(USp,,)

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25
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Intersection of harmonics

Theorem

Put cé"ﬂ: Littlewood-Richardson coeffcient

n k
H(GLy) = H(020) NH(SP2n) = B prcp, Cop Pong @ PY
hence

(oA ® pf\k)) N (7 ® pf\k)) = & Cé‘,ﬂ pggﬁ ® pf\k) (a, B € P)

Al=lel+]8]
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Intersection of harmonics

Theorem

Put cé‘,ﬂ: Littlewood-Richardson coeffcient

H(GLn) = H(O20) N H(SP2n) = B prer, o Py
hence

@ ngﬂ ® P

Al=lel+]8]

(k)) (k)

(0x ® ol )y =

& oM

(Oé,ﬁ € Pk)

By GLs, x GLy-duality, p" @ o) 5 (or @ o) N (7

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory
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Intersection of harmonics

Theorem

Put cé‘,ﬂ: Littlewood-Richardson coeffcient

i k
H(GLn) = H(02n) N H(SP2n) = Do g rcry G Lo © PY
hence

(k))

(0x ® ol )y =

N (A ® py B Ay (a,8eP)

Al=lel+]8]

By Gla, x GLy-duality, %™ @ p{) 5 (ox @ p0) 1 (1) @ )

Fix vy € pg\zn) : GLy,-highest weight vector

= o) € Irr(0y,), 7x € Irr(Spy,): subrep of p&zn) generated by v

20 (n)
D oxN Ty = D\ jal+18 Cas Paors

(n should be sufficiently large)
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Weil representation

Weil representation
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Weil representation

G:= Mp(Wr) : metaplectic group

¢ : G = Mp(Wgr) — G = Sp(Wa) : 31 non-trivial double cover
K := ¢ "1(U(CN)) € Mp(Wg) : a maximal compact subgroup
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Weil representation

Weil representation

G := Mp(Wkg) : metaplectic group
¢:G = Mp(Wg) — G = Sp(We) : 31 non-trivial double cover
K := ¢ 1(U(CN)) C Mp(Wkg) : a maximal compact subgroup

Wr = Xgr @ Ygr : complete polarization /R
(w, L?(Xr)) : Weil representation of Mp(Wsg)

oscillator repr, metaplectic repr, Segal-Shale-Weil repr, ..., etc.
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Weil representation

Weil representation

G:= Mp(Wr) : metaplectic group
¢:G = Mp(Wg) — G = Sp(We) : 31 non-trivial double cover
K := ¢ 1(U(CN)) C Mp(Wkg) : a maximal compact subgroup

Wr = Xgr @ Ygr : complete polarization /R
(w, L?(Xr)) : Weil representation of Mp(Wsg)

oscillator repr, metaplectic repr, Segal-Shale-Weil repr, ..., etc.

Properties of Weil representation

© unitary: direct some of two irreducible unitary repr
[2(Xg) = L% @ L2 : L3 : odd/even functions

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 18 / 28



Weil representation

Weil representation

G := Mp(Wkg) : metaplectic group
¢:G = Mp(Wg) — G = Sp(We) : 31 non-trivial double cover
K := ¢ 1(U(CN)) C Mp(Wkg) : a maximal compact subgroup

Wr = Xgr @ Ygr : complete polarization /R
(w, L?(Xr)) : Weil representation of Mp(Wsg)

oscillator repr, metaplectic repr, Segal-Shale-Weil repr, ..., etc.

Properties of Weil representation

© unitary: direct some of two irreducible unitary repr
[2(Xg) = L% @ L2 : L3 : odd/even functions

© minimal representations associated to the minimal nilpotent orbit

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 18 / 28



Weil representation

Weil representation

G := Mp(Wkg) : metaplectic group

¢:G = Mp(Wg) — G = Sp(We) : 31 non-trivial double cover
K := ¢ "1(U(CN)) € Mp(Wg) : a maximal compact subgroup
Wr = Xgr @ Ygr : complete polarization /R

(w, L?(Xr)) : Weil representation of Mp(Wsg)

oscillator repr, metaplectic repr, Segal-Shale-Weil repr, ..., etc.

Properties of Weil representation

© unitary: direct some of two irreducible unitary repr
[2(Xg) = L% @ L2 : L3 : odd/even functions
© minimal representations associated to the minimal nilpotent orbit

© unitary highest weight modules with singular inf char
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Realization of © on C[X]

Q= L*(Xg)g : K-finite vectors in w (Harish-Chandra module of w)
= Q ~ C[X] : polynomial ring over X = CN
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Realization of © on C[X]

Q= L*(Xg)g : K-finite vectors in w (Harish-Chandra module of w)
= Q ~ C[X] : polynomial ring over X = CN
Action of K

Q(k)f(z) = x(k) F(C(k)'z) (ke K, f(z) € C[X],z € X)
X(k) = v/det(C(k)) (well-defined char.)
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Weil representation

Realization of © on C[X]

Q= L*(Xg)g : K-finite vectors in w (Harish-Chandra module of w)
= Q ~ C[X] : polynomial ring over X = CN
Action of K

Q(k)f(z) = x(k) F(C(k)'z) (ke K, f(z) € C[X],z € X)
X(k) = v/det(C(k)) (well-defined char.)

Infinitesimal action of G/K

Lie(G) = R@ P : C-fied Cartan decomp B = TSR(@/]K)
{X:I:(a;-i—aj) | 1 <i,j <N} : root vectors in P

2
Q(Xei4e))f(2) = aza-az-f(z) : positive noncpt roots
i0zj

Q(X_¢;—¢;)f(2) = zizjf (2) : negative noncpt roots
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Weil representation

(G, G"): dual pair of compact type
M G’ U2n

) ~. 7
See-saw pair ‘ L Ex.

e “a 2 .

G K’ O2n

G'/K': Hermitian symm space

C-fied Cartan decomposition : g/ =¥ o p' =p'_ ot ap',
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Weil representation

(G, G"): dual pair of compact type
M G’ Uap Spak(R)
i X 7 X i
See-saw pair ‘ Ex. ‘
A N A N
G K’ O2n Uk
G'/K': Hermitian symm space
C-fied Cartan decomposition : g/ =¢ ®p' =p'_ ot @p',

Facts
Q@ Q(U(p'})) = C[X]® : multiplication by invariants
Q Q(U(p'_)) = a(C[X]®) : differential by invariants
Q H(G)={f e C[X] | Qp'_)f =0} : harmonics
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Weil representation

Recall H(G) = @, cim(g) o @ p : mult free decomp (o determines p)
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Weil representation

Recall H(G) = @, cim(g) o @ p : mult free decomp (o determines p)
=
Q = C[X] = C[X]° - H(G)
= @aEIrr(G) Q(U(p,+))(0' ® P) = ®U€Irr(G) o® Ly

as G x (g', K')-module

For any v #0 € o,
L, ~Q(U(p',))(v®p) : unitary highest weight mod
with min K-type p = p(0o)
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Weil representation

Recall H(G) = @, cim(g) o @ p : mult free decomp (o determines p)
=
Q = C[X] = C[X]° - H(G)
= @aEIrr(G) Q(U(p,+))(0' ® /J) = ®U€Irr(G) 0® Ly

as G x (g', K')-module

Forany v #0 € o,
L, ~Q(U(p',))(v®p): unitary highest weight mod
with min K-type p = p(0o)

Conclusion:

Harmonics = Lowest K-types of unitary
ht wt module
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Capelli identity for symmetric pair

joint work with Soo Teck Lee and Akihito Wachi [math.RT/0510033]
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Capelli identity for symmetric pair

joint work with Soo Teck Lee and Akihito Wachi [math.RT/0510033]
Take K'-invariants : (S(p',) ® S(p',))K’ — Q(U(g"¥")
VX E(SHp) @S (r) = 3Z e Um)S st Q(X) = Q(2)

Proof.
o (M, K') is dual pair & X is K'-invariant = Q(X) € Q(U(m))
o (G,G")is dual pair & X € U(g') = Q(X) € Q(U(m)®)
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Capelli identity for symmetric pair

joint work with Soo Teck Lee and Akihito Wachi [math.RT/0510033]
Take K'-invariants : (S(p',) ® S(p',))K’ — Q(U(g"¥")
VX E(Si(p) @S ) = 3Ze Um)C st Q(X) = Q(2)
Proof.

o (M, K') is dual pair & X is K'-invariant = Q(X) € Q(U(m))
o (G,G")is dual pair & X € U(g') = Q(X) € Q(U(m)®)

If G is suff large, Z is unique

Kyo Nishiyama (Kyoto Univ.)

Dual pair and invariant theory 2007/09/25 22 /28



Capelli identity for symmetric pair

joint work with Soo Teck Lee and Akihito Wachi [math.RT/0510033]
Take K'-invariants : (S(p',) ® S(p',))K’ — Q(U(g"¥")
VX E(Si(p) @S ) = 3Ze Um)C st Q(X) = Q(2)
Proof.

o (M, K') is dual pair & X is K'-invariant = Q(X) € Q(U(m))
o (G,G")is dual pair & X € U(g') = Q(X) € Q(U(m)®)

If G is suff large, Z is unique

Definition
@ Z = Cx € U(m)C: Capelli element for X € U(g")*’
@ Q(X) =Q(Z): Capelli identity for symmetric pairs
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Example
(M, G) = (Uzn, O2n), (G', K') = (Sp«(R), Ux)
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Capelli identity for symmetric pair

Example
(M, G) = (Uzn, O2n), (G', K') = (Sp«(R), Ux)

X = (Xihcijek Xij= V-1, 23z
D = (Dijh<ijex Dij=V=133" 040,
E= (Er,s)lgr,s§2n E s = Zf—;l ZiOsi
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Capelli identity for symmetric pair

Example
(M7 G) — (U2na OZn)a (GI, K,) = (szk(R), Uk)
X = (Xijhc<ijck Xij=V-1Y2", 2z,
D = (Dijh<ijek Dij= V=137 80
E= (Er,S)ISr,s§2n Er,s = Zf—;l Z,iOsj

Capelli identity:

E det X,,_] det D[’J = Z det(ER(,-),S(j) ol (d —Jj— 1)6R(i)5(j))iJX
1,JeTk R,S€12"

det (Eri),s(j) + (d — /)0r()s()) i

Im = {1 C[m]| #/ = d},[m] = {1,2,...,m}
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Example

(M, G) = (Uzn, USpy,), (G',K') = (O, Uk)
Gij = V=1 3o (xsixsj — XsiXsj) (Ss:=s+n)
Fji = \/__1 2221 (asi&j - &siasj)
Es: = Z;(:1 XsiOtj + §5st
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Example
(M, G) = (Uzn, USpy,), (G',K') = (O, Uk)
Gij = V=1 3201 (xsixsj — Xsixsj)

Fii = /=17 1(0si0sj — 05i0sj)

Es = Z;(:;[ XsiOti + gast

(s:=s5+n)

Capelli identity: d =1,2,...,r; r=|k/2]
E Pf G, - PfF = Z det(Esa,tb + (2d —b— k/2)5sa,tb)1§a,b§2d
Iezk, S0, ToET]

where for So = {s1,%,...,54} € I, we put

._ = — 2n
S:={s,%,...,5:5,%,...,54} € L5]

Kyo Nishiyama (Kyoto Univ.)

Dual pair and invariant theory
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Capelli identity for symmetric pair

Recall diamond pair of compact type

M = Uy, <. 7 Uk,k
Gy = USp,, Gy = 02, <—>G2’ = Sp(R) Gy = Oy
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Capelli identity for symmetric pair

Recall diamond pair of compact type

M=Uz < 7 Uk
G1 = USp,, 02n -~ G = Spy (R = 03
Un < K':Uk—K'

H(G) (i =1,2) is killed by (X)) (VX € (Si(pl,) @ Si (0 ))')
— killed by (Cx,) (Cx, € U(m))
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Capelli identity for symmetric pair

Recall diamond pair of compact type

M=Us, < 7 Uk
G1 = USp,, 02n <> Gy = Spy (R = 03
Un e K’ = Uy, = K’

H(G) (i =1,2) is killed by (X)) (VX € (Si(pl,) @ Si (0 ))')
— killed by (Cx,) (Cx, € U(m))

Theorem
Capelli element Q(Cx,) (i = 1,2) kills the intersection o N Ty.

Remark

Note that Q(Cx) = pg\zn)(Cx). They only differ by a character.

v
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Branching of unitary highest weight module

Branching of unitary ht wt module

Branching for the subgroups

- k’k\

G; = Spyk(R) Ozk

\/

K; = Uy = K!

o+ UHW of Uy y <— o ® p € H(GL,) : harmonics
o€Irr(U,), Lowest K-type = p(o) € Irr(Ug x Ug)

H(Spy,) N H(02n) C H(GL,) +—>
(UHW of Spo,(R)) N (UHW of 03,) J

They are killed by Capelli elements!
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Branching of unitary highest weight module

Problem

@ Describe the intersection (UHW of Sp,,(R)) N (UHW of O3,)
If n = (size of compact member) > k,
the intersection is fin dim, = intersection of harmonics
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Branching of unitary highest weight module

Problem

@ Describe the intersection (UHW of Sp,,(R)) N (UHW of O3,)

If n = (size of compact member) > k,

the intersection is fin dim, = intersection of harmonics
@ Characterize the intersection by differential operators

Need more than Capelli elements?
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Branching of unitary highest weight module

Thank you for your attention!

yama (Kyoto Univ.) Dual pair and invariant theory



