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Plan of talk
© Conormal variety
Review the properties of conormal varieties
@ Steinberg variety for G/B x G/B
Introduce classical Steinberg variety
© Springer representation in type A
Introduce standard tableaux and Springer representations for type A
© Robinson-Schensted correspondence
How RS-correspondence arises in Steinberg theory
© Steinberg theory for KGB
Generalize the Steinberg theory to a symmetric pair (G, K)
O KGB decomposition for type A

Formula of the K orbits for type A
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Wiztment: mp
Conormal variety
G : algebraic group / C g = Lie (G)
X : smooth variety ¥ G
T*X : cotangent bdle (symplectic) ¥ G by Hamiltonian action

*

= I moment map p: T*X —— g

W W
(x,§) = (2= &(2))

zy @ vector field at x € X generated by z € g

Definition
Sx = p~1(0) € T*X : conormal variety J

G\X > O : G-orbit ~ TEX : conormal bdle (N in Joe's notation)
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Shzane] bl
G\X 2 O : G-orbit ~ T3X : conormal bdle

Lemma
5x = Uoee\x ToX  (hence the name of conormal variety)

Proof.

(x,€) € p10) <= u(x,8)(z) =€&(z) =0 (Vz€g)
— £ (TpX)x (0:=G-x)

Corollary
Assume #G\X < oo.
© Sx is equi-dimensional of dim X and
Q Sx = Uge G\X W gives irred decomposition as an alg variety

(. THX :irreducible and dim T3 X = dim X)
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Steinberg variety

G : reductive D B : Borel subgrp D T : max torus
G/B ={gB|g € G} = {V Borel subgrps} ~ {V Borel subalgbras}
X :=G/Bx G/B “ G : diag action

Lemma

G\X ~ B\G/B = ||, cyy BwB : Bruhat decomp
where W := Ng(T)/T : Weyl group

(- G-(hB,kB) — Bh~'kB gives a bijection )

Example

G = GL,(C) D B = (upper triangular matrices) D T = (diag matrices)
W = (permutation matrices) ~» Bruhat decomp = LPU decomp

LPU = (Lower triang) - (Permutation) - (Upper triang)
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Steinberg variety for G/B x G/B Moment maps

X :=G/Bx G/B “ G : diag action
#G\X =#B\G/B=#W < oo ~- can apply Corollary
G/B ~ {b' : Borel subalg} : flag variety
TH(G/B) = {(V',€) | € € (g/b")" =u'}
b’ D>’ : nilpotent radical ~ u’ ~ (g/b’)* via Killing form
~ {(b',u) | ue b’ : nilpotent}
Two moment maps
peg: T*(G/B) —— g =~g
W W
(6',u) ——u
px: T*X=T*(G/B)x T*(G/B) —— g
W W
((6",u), (6", v)) = u+tv

1 (0) = {((6",u), (6", v)) | u € w,v Eu, u+v=0}: conormal var
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Slelbes CEE
1 (0) = {((b",u), (b",v)) |u€w,v e u+v=0}: conormal var

Definition (Steinberg variety)
Sx :={(b',0",u) | ue b/ Nb" : nilpotent } J

o G\X={0y :=G-(b,wb) (we W)} by Bruhat decomp
® Sx =Upew T3, X : #W-irred components
° uga(Tg, X) = G- (un(w-u)) = O where O : nilpotent G-orbit in g
~ Oy G\X ~ W — N(g)/G : orbit map
Fibers of moment map:
O € N(g)/G : nilpotent orbit, u € O
Q %, = yE}B(u) : Spaltenstein variety (= Springer fiber)
Q@ W(0) := 3'(0) : Steinberg cell (cf Robinson-Schensted corr)
Why Spaltenstein & Springer?
Why Robinson-Schensted?
Explain this in the case of type A
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Springer representation in type A Standard tableaux
type A
G = GL,(C) D B = (upper triangular) D T = (diagonals)
W =S, : symmetric group A € H(n) : partitions of n

STab(\) = {standard tableaux of shape A}
— increasing

3|6
5|7

Buiseanul

|oo‘-l> N |

Specht module

STab(\) basis of o) € Irr(W) = (irred reps of W)
N(g)/G <2 NF () < 1)
w W w
Ox A o)
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Springer representation in type A Spaltenstein variety

Theorem (Spaltenstein variety)

For u € Oy
Q %, := NE}B(U) is equi-dimensional of dim = (n? — n) — dim O,
Q #Irr(%,) = f, = #STab()\)

How to associate tableaux to irreducible components of 4, 7

Correspondence of Borels and flags

G/B > b' < (flag of subspaces in C")

where flag .# := (Fi)o<k<n is a sequence of subspaces:
Fo={0}CHCF C---CFao1 CF,=C" sit. dimFy =k
b’ = Stabg((Fx)) = {z € g | zFk C Fy}

ueb = uF, C Fg : nilpotent endomorphism of Fy
Thus we get %, ~ {b’ : Borel subalg | u € b}

~ {37 = (Fk)nggn : flag | u-Fe C Fk}
T —



Springer representation in type A Spaltenstein variety

How to describe irred components Irr(4,)?

F = (Fk)OSkSn € B,
~» ulf, : nilpotent endomorphism in Fy
~ u|F, determines partition A\(K) € 92(k)

So we get:
A c X@ .o c A1) < XD - developing sequence of partitions

D%H%F%?%@—)@j%ﬁﬂ%aﬂ

Put # of stages in each box in the development, we obtain

1/3]6

2/5|7

14

18] : standard tableau
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Springer representation in type A Springer representation

Theorem (Springer representation)
For u € Oy : nilpotent element
Q Standard tableaux Stab()\) determines Irr(%,) completely (u € O,)

@ Top Borel-Moore cohomology Hgo,a(@u) carries irred repr
ox € Irr(W) < basis parametrized by Stab(\)

What can we say about Steinberg variety Sx?
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Springer representation in type A Robinson-Schensted correspondence

Consider product of moment maps:
We/g = HG/B X hep: T X =T*(G/B)x T*(G/B) »gxg

~ ,u%;/B : Sx = N(g) : G-equiv map
(o ngp(Sx) ={(u,—u) | u e N(g)} = N(g))
Fiber : (,u%;/B)_l(u) =By x By (= B_u=%RBu)

Recall the G-orbit O, € G\X ~ B\G/B &
Steinberg cell W(0y) = 31(0,) (O € N (g)/G)

Lemma
Ow € W(0,) <= (Bu x Bu)NTg, X is an irred comp of B, x B, J

This shows the correspondence:

W(Oy) =<— Irr(B, x B,) <— {(T1, T2) | T; € STab(A\)}
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Robinson-Schensted correspondence

Robinson-Schensted correspondence

W = Uoen(g)c W(O) : cell decomposition

Thus we get
weW <— 0, € G\X <= C, € Irr(%, x A,)
<~ (T1, T2) € STab(\)?
(X is determined by ®x(0, ) = O,)

Theorem (Steinberg)

The above correspondence : W = S, > w <—= (T1, Tp) € STab())?
gives the Robinson-Schensted corr for type A
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Generalization to symmetric pairs

G : reductive algebraic group /C
(G, K) : symmetric pair i.e., 30 : involution s.t. K = GY : fixed points

Example
G = GL,(C)
Q 9(g)=tg7! ~ K =0,(C) : orthogonal grp

Q 0(8) = Ipg& Ip,g (Ip,q = diag(1lp, —1q))
~ K = GLp(C) x GL4(C)

Theorem
(G, K) : symmetric pair = #K\G/B < oo J

*. We can apply theory of conormal variety to K *~ X := G/B
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SICULCERLELATNNE I Steinberg variety and KL cell

We apply theory of conormal variety to K "> X := G/B

@ moment map:
HG/B

* rest e

px : T"X =T*(G/B)
@ Steinberg variety:
Sx = px'(0) = ng (") = ng p(N(s))

where g = £ ® s : Cartan decomposition

Sx = U(O)eK\G/B T6(G/B) m (s) : K-equivariant

16/8(TH(G/B)) = OK induces ®x : K\(G/B) — N (s)/K
orbit map: ¢y :K\(G/B) —= N (s)/K
w W

@) oK
W(OK) .= &, (OX) : Lusztig-Vogan cell carries Weyl group repr
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Steinberg theory for KGB Classical Steinberg theory vs KGB theory

Classical Steinberg variety is a special case of KGB theory

Example
G=GxG, 0(g,8)=1(8,6) ~» K=AG={(g,8)|5¢€G}
B = B x B : Borel subgroup for G
K=AG"“X=G/B=G/BxG/B

~ G X =G/Bx G/B : diag action
s={(z,—z)|zeg} ~ N(s)~N(g) )
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KGB theory for type A K orbits on flag variety

Parametrizing KGB for type A
Again we assume G = GL,(C), i.e., type A case
Theorem

If G = GL,(C), K-orbits K\(G/B) are parametrized by the set

{(OK,C) | OK € N(s), C € Trr(%y) (u € OF)}

Let OF := G- OK € N'(g)/G for some A € #(n)
Then the intersection decomposes:

0 ns=UmMN oK (0K e N(s)/K)
where {OF | 1 <i < mk(\)} are nilpotent K-orbits, including original 0K
Lemma
(%) OI-K is a Lagrangian subvariety in Of of dim = %dim Of
Q {%u|ue OK(1<i<mk(N)} are all isomorphic
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KGB theory for type A K orbits on flag variety

As an applicatin, we get a formula for # of K-orbits on the flag variety
X=G/B

Corollary
If G =GLy(C), #K\G/B =Y \co(m mk(N) - dimoy

Remark

For G = GL,(C) and connected K,
#K\G/B = #(irred HC (g, K)-modules with trivial central character)

A formula for mx(A) and a combinatorial structure of the set
{OK |1 <i < mg(\)} are obtained by the joint work with A. Wachi
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KGB theory for type A

To be continued ...
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