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Conormal variety Moment mapConormal varietyG : algebrai
 group / C g = Lie (G )X : smooth variety xGT �X : 
otangent bdle (symple
ti
) xG by Hamiltonian a
tion=) 9 moment map � : T �X ���! g�3 3(x ; �) (z 7! �(zx))zx : ve
tor �eld at x 2 X generated by z 2 gDe�nitionSX := ��1(0) � T �X : 
onormal varietyGnX 3 O : G -orbit  T �OX : 
onormal bdle (N�O�X in Joe's notation)Kyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 3 / 19



Conormal variety Conormal bundleGnX 3 O : G -orbit  T �OX : 
onormal bdleLemmaSX = FO2GnX T �OX (hen
e the name of 
onormal variety)Proof.(x ; �) 2 ��1(0) () �(x ; �)(z) = �(zx) = 0 (8z 2 g)() � 2 (T �OX )x (O := G � x)CorollaryAssume #GnX <1.1 SX is equi-dimensional of dimX and2 SX = SO2GnX T �OX gives irred de
omposition as an alg variety(* T �OX : irredu
ible and dimT �OX = dimX )Kyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 4 / 19



Steinberg variety for G=B � G=B Bruhat de
ompositionSteinberg varietyG : redu
tive � B : Borel subgrp � T : max torusG=B = fgB j g 2 Gg = f8 Borel subgrpsg ' f8 Borel subalgbrasgX := G=B � G=B xG : diag a
tionLemmaGnX ' BnG=B = Fw2W BwB : Bruhat de
ompwhere W := NG (T )=T : Weyl group(* G � (hB ; kB) 7�! Bh�1kB gives a bije
tion )ExampleG = GLn(C ) � B = (upper triangular matri
es) � T = (diag matri
es)W = (permutation matri
es)  Bruhat de
omp ; LPU de
ompLPU = (Lower triang) � (Permutation) � (Upper triang)Kyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 5 / 19



Steinberg variety for G=B � G=B Moment mapsX := G=B � G=B xG : diag a
tion#GnX = #BnG=B = #W <1  
an apply CorollaryG=B ' fb0 : Borel subalgg : 
ag varietyT �(G=B) ' f(b0; �) j � 2 (g=b0)? ' u0gb0 � u0 : nilpotent radi
al  u0 ' (g=b0)? via Killing form' f(b0; u) j u 2 b0 : nilpotentgTwo moment maps�G=B : T �(G=B) ���! g ' g�3 3(b0; u) u�X : T �X= T �(G=B)� T �(G=B) ���! g3 3�(b0; u); (b00; v)� u + v��1X (0) = ��(b0; u); (b00; v)� j u 2 u0; v 2 u00; u + v = 0	 : 
onormal varKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 6 / 19



Steinberg variety for G=B � G=B Steinberg variety��1X (0) = ��(b0; u); (b00; v)� j u 2 u0; v 2 u00; u + v = 0	 : 
onormal varDe�nition (Steinberg variety)SX := f(b0; b00; u) j u 2 b0 \ b00 : nilpotent gGnX = �Ow := G � (b;wb) (w 2W )	 by Bruhat de
ompSX = Sw2W T �Ow X : #W -irred 
omponents�G=B(T �Ow X ) = G � (u\ (w � u)) = O where O : nilpotent G -orbit in g �X : GnX 'W ! N (g)=G : orbit mapFibers of moment map:O 2 N (g)=G : nilpotent orbit, u 2 O1 Bu := ��1G=B(u) : Spaltenstein variety (= Springer �ber)2 W (O) := ��1X (O) : Steinberg 
ell (
f Robinson-S
hensted 
orr)Why Spaltenstein & Springer?Why Robinson-S
hensted?Explain this in the 
ase of type AKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 7 / 19



Springer representation in type A Standard tableauxtype AG = GLn(C ) � B = (upper triangular) � T = (diagonals)W = Sn : symmetri
 group � 2P(n) : partitions of nSTab(�) = fstandard tableaux of shape �g! in
reasing!in
reasing 1 3 62 5 748STab(�) Spe
ht module basis of �� 2 Irr(W ) = (irred reps of W )N (g)=G Jordan NF P(n) Spe
ht Irr(W )3 3 3O� � ��Kyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 8 / 19



Springer representation in type A Spaltenstein varietyTheorem (Spaltenstein variety)For u 2 O�1 Bu := ��1G=B(u) is equi-dimensional of dim = 12(n2 � n)� dimO�2 #Irr(Bu) = f� = #STab(�)How to asso
iate tableaux to irredu
ible 
omponents of Bu ?Corresponden
e of Borels and 
agsG=B 3 b0 (
ag of subspa
es in C n )where 
ag F := (Fk)0�k�n is a sequen
e of subspa
es:F0 = f0g � F1 � F2 � � � � � Fn�1 � Fn = C n s.t. dimFk = kb0 = Stabg((Fk )) = fz 2 g j zFk � Fkgu 2 b0 =) uFk � Fk : nilpotent endomorphism of FkThus we get Bu ' fb0 : Borel subalg j u 2 b0g' fF = (Fk)0�k�n : 
ag j u � Fk � FkgKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 9 / 19



Springer representation in type A Spaltenstein varietyHow to des
ribe irred 
omponents Irr(Bu)?F = (Fk)0�k�n 2 Bu ujFk : nilpotent endomorphism in Fk ujFk determines partition �(k) 2P(k)So we get:�(1) � �(2) � � � � � �(n�1) � �(n) : developing sequen
e of partitions! ! ! ! ! ! !Put # of stages in ea
h box in the development, we obtain1 3 62 5 748 : standard tableauKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 10 / 19



Springer representation in type A Springer representation
Theorem (Springer representation)For u 2 O� : nilpotent element1 Standard tableaux Stab(�) determines Irr(Bu) 
ompletely (u 2 O�)2 Top Borel-Moore 
ohomology HtopBM(Bu) 
arries irred repr�� 2 Irr(W ) $ basis parametrized by Stab(�)What 
an we say about Steinberg variety SX ?
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Springer representation in type A Robinson-S
hensted 
orresponden
eConsider produ
t of moment maps:�2G=B := �G=B � �G=B : T �X = T �(G=B)� T �(G=B)! g� g �2G=B : SX ! N (g) : G -equiv map(* �2G=B(SX ) = f(u;�u) j u 2 N (g)g ' N (g))Fiber : (�2G=B)�1(u) = Bu �Bu (* B�u = Bu)Re
all the G -orbit Ow 2 GnX ' BnG=B &Steinberg 
ell W (O�) = ��1X (O�) (O� 2 N (g)=G )LemmaOw 2W (O�) () (Bu �Bu) \ T �Ow X is an irred 
omp of Bu �BuThis shows the 
orresponden
e:W (O�) Irr(Bu �Bu) f(T1;T2) j Ti 2 STab(�)gKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 12 / 19



Robinson-S
hensted 
orresponden
eRobinson-S
hensted 
orresponden
eW = FO2N (g)=G W (O) : 
ell de
ompositionThus we getw 2W Ow 2 GnX Cw 2 Irr(Bu �Bu)(T1;T2) 2 STab(�)2(� is determined by �X (Ow ) = O�)Theorem (Steinberg)The above 
orresponden
e : W = Sn 3 w (T1;T2) 2 STab(�)2gives the Robinson-S
hensted 
orr for type AKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 13 / 19



Steinberg theory for KGB KGB de
ompositionGeneralization to symmetri
 pairsG : redu
tive algebrai
 group =C(G ;K ) : symmetri
 pair i.e., 9� : involution s.t. K = G � : �xed pointsExampleG = GLn(C )1 �(g) = tg�1  K = On(C ) : orthogonal grp2 �(g) = Ip;q g Ip;q (Ip;q = diag(1p ;�1q)) K = GLp(C ) � GLq(C )Theorem(G ;K ) : symmetri
 pair =) #KnG=B <1) We 
an apply theory of 
onormal variety to K y X := G=BKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 14 / 19



Steinberg theory for KGB Steinberg variety and KL 
ellWe apply theory of 
onormal variety to K y X := G=Bmoment map:�X : T �X = T �(G=B) �G=B g� rest k�Steinberg variety:SX = ��1X (0) = ��1G=B(k?) = ��1G=B(N (s))where g = k� s : Cartan de
ompositionSX = SO2KnG=B T �O (G=B) �G=B N (s) : K -equivariant�G=B(T �O (G=B)) = OK indu
es �X : Kn(G=B)! N (s)=Korbit map: �X :Kn(G=B) N (s)=K3 3O OKW (OK ) := ��1X (OK ) : Lusztig-Vogan 
ell 
arries Weyl group reprKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 15 / 19



Steinberg theory for KGB Classi
al Steinberg theory vs KGB theoryClassi
al Steinberg variety is a spe
ial 
ase of KGB theory
ExampleG = G � G , �(g1; g2) = (g2; g1)  K = �G = f(g ; g) j g 2 GgB = B � B : Borel subgroup for GK = �G y X = G =B = G=B � G=B G y X = G=B � G=B : diag a
tions = f(z ;�z) j z 2 gg  N (s) ' N (g)
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KGB theory for type A K orbits on 
ag varietyParametrizing KGB for type AAgain we assume G = GLn(C ), i.e., type A 
aseTheoremIf G = GLn(C ), K-orbits Kn(G=B) are parametrized by the set�(OK ;C ) j OK 2 N (s);C 2 Irr(Bu) (u 2 OK )	Let OG� := G � OK 2 N (g)=G for some � 2P(n)Then the interse
tion de
omposes:OG� \ s = SmK (�)i=1 OKi (OKi 2 N (s)=K )where fOKi j 1 � i � mK (�)g are nilpotent K -orbits, in
luding original OKLemma1 OKi is a Lagrangian subvariety in OG� of dim = 12 dimOG�2 fBu j u 2 OKi (1 � i � mK (�))g are all isomorphi
Kyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 17 / 19



KGB theory for type A K orbits on 
ag varietyAs an appli
atin, we get a formula for # of K -orbits on the 
ag varietyX = G=BCorollaryIf G = GLn(C ), #KnG=B =P�2P(n) mK (�) � dim��=P�2P(n) mK (�) �#STab(�)RemarkFor G = GLn(C ) and 
onne
ted K ,#KnG=B = #(irred HC (g;K )-modules with trivial 
entral 
hara
ter)A formula for mK (�) and a 
ombinatorial stru
ture of the setfOKi j 1 � i � mK (�)g are obtained by the joint work with A. Wa
hiKyo Nishiyama (AGU) Steinberg variety and moment maps 2010/06/08 18 / 19



KGB theory for type A K orbits on 
ag variety
To be 
ontinued ...
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