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000000000000 0000000000000000000 (00000000)0
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GL(2,C) 000 BOODOODOOODODOOODOOO

gobooogooobodan
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00000000000000000 % O00O00OO0000o0o0oooo
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gooood
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0000000000000000000000000 £00000 f(z) € T(M, M*(€))
00000000000000000000000

€)= n(f)=(f0000000)-(f00000)
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M=POOOOOOO

c(§) <0 = H(P',0(¢)) = {0},
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00 (u,0v) 0000000000000000000000000000000 v, #000000
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gbobboobogobuoogbouogbouogououbobbooobuogooouaoon
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Un)DDODOOODODDOOOOOO0OD «0000000000000 b, 0000 (0O
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a1 1 bjk
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b e0b0b0ODbO0ODO0O0OO0O0O0DLDOOOUOOOOO0OLDeOOOOOOO 1IO0O0ODO0ODO0
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00o0000000oo Un),A,NOODODO GL(»,C)OOOOOODOOODOOO

Theorem 3.6 (J000) 000 nxnO000 g0 g=wan € Un)AN OODODOO
gbooboboboboooobbod

U(n) x Ax N > (u,a,n) — g =uan € GL(n, C)

0D00000000000000000000000 GL(n,C) ~ U(n) x R* x CHn-1/2 ~
Un)xR* 000000000000

Proor. 000000000000 0000000000000000000000000
0000000000000000000000000000 (000 U(n)NAN ={1,})
0000000000000000000000 ANN={1,10000000 A NOO
0000000000
D000000000000000000000000000000000000000
000000000000000000000000°20 i

34 0000000 (=000000O0)
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00000 oob0o0do nO00O0O0OOOObObODODODDODODO0ObO0O00 dimV,=k000
godddoodotoooooouooootooouooooooooooouooood
00000000 nxnbOOOOO ¢g=(ay,a9,---,a,) 000000000000 DOOO
oo

{0} S(ar) S (ar,a2) © -+ C Vi =(ar,a2,---,ap) S --- SV =V

= =

000 ¢"0000000000000000000000 ¢0000000000000
000000(@MO0O00)000000000000000000000000000000
00000 ¢ #¢.00 ¢ =¢/000000000000000

Example 3.7 0000000

_|1 0 0 T2 -1
=10 1 27109 3
¢ =¢' 000000000000 0O0

gooooboobobOboobbOoboOOooobOo?bO0obo0boooobOobooOoboo
O000000000000000ooO0O GL(n,CQ)0OO00O0DOOODOOOOO

g:F= (Vlc)1§k§n = gF = (ng)lgkgn

godbogggbbodogbbobgbooobooooooboobbbooboobobg
ggoobodgd
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0 ¢g0000000 ¢FO000000! 000000 gk=¢000000 F,0000
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00000000000 00000000000
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Theorem 3.8 V=C"00000X=(VOIUOOOO)0D00O0O0O0O0O0O00O00 XOO
G=GL(n C)0000000O00O0O0O00O00UO0O0DO0OD FbODODODODOODOODOOO
000000000000000000000000 G, =BOO0O0O0O0OO0O X ~G/B
gdn

GOOOO0 BOOODOODDOOD BOOOOOOOOOgB+#¢B < gBg ! # ¢Bg'
0000000000

Y={¢Bg'|geG}=(GO000000000 BOOOOOOOO)

goobboobooobban

Corollary 3.9 X ~G/B~Y 0000000000000 0O0DO0O0O00OOOOOOO
ggoobbgooobbboogo

X ~ G/B ~ Y
W W U
gFb=¢" + ¢B — gBg!

Exercise 3.10 BOOOO0O0O00O Ng(B)O
N¢(B) ={g9 € G |gBg ' = B}

000000G=GL(»,C)0 BOODODUDOODODODODDODOODODODODOO0OO0OOOOO Ng(B) =
pOooooooobboooogon

00 ¢"00000000000000000000000 geGL(n,C)O0OO0OO0O
godbouodgodbooobboubbbdodoboobbuooobbooubbodbgd
000000000 00000000 jOO0O0OO (OO0 i<j)0000DOOoOoOooo
00 ¢0000 ¢F=¢"0000000000000000000000000O00O00O0
gobbooooooooboouboooooo

gobdgduouboouoooogbbogbobuoobooobouobobboobon
gubguogooboooobboo

000000000 ¢"0000 ¢g00000000000O000
1. 00d 0o ngooooobboooooubobbbboobo

w, U000 ooog ¢, Dodogoooobobooobbobboobbobobobogo
gon

gogbbogbbbboooobbboo 1bbbbbn

2. 0n-100000000000O00000OO0ODLOOODO ,, 0000000000
ggobbobooobooobobd ., b0gggo

. 000b0oon

OooOo0oooOoo0o0oooOoooDOoooo00 g=(ay,a,-00,0,) 00000 @, 00 k
g 1oogboooboobougogboboooooobbooobbobboooog
gogbobouoggbooobon
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Example 3.11 0000

0000000 ¢g00000000000000000000O0 (00000 1000)
O b0 (ki) (1<k<n)00O0 1000000000000CDOCODOOODOO wOO
000000 bw=g,w=>b0"t¢gO000O0

Theorem 3.12 (D0 00000) 0 ¢"0 BOOOOOODOOOO v (wDDOOOO)
00000000000000000000000000 B\G/BOOOO0OO0O00O0OO
00000000000000000000

B\G/B= [] BuB
weW

00000000000 wWiooooooooooooo (00 nO00D0OD0O 66,0000
ooooooo)o

Proor. 0000000000000 D00DDODDOOOOO0OOO BuB = Bw,B <
w,=w, 00000 w,w, 0000000000000000000000000000
oo0oooooo i

0000000000000000000000000
000000000000000000000000000000000 BwB (w € &,)
0000000 BOOOOOOOOO BwB/BOOOODOOODODOOOODO!/0DOOOO
0000000000%0000 [=I(w)0 wOO000000000000000000
0000

000 6,0000000000 S={sic<, 00000000000 wed,0 S
0000000000000000000

W = 5;,Siy "+ Sip,

0000000000000 0000000000000000000OO0 (boOooDoOOd
00000) 00000000 LO wOOOOOO (w)yDODODODOD0OO0DO0O0 wOOOO
goboboooooubbtb wbbbuobodbblbw D O0ODLDO0O0O0O0LbObOOO
goooood

Example 3.13 515981 = 598159 gooooooooood

gboggobbobooboobbbobobuooboobbbbobobuooboobobobo
gobbogobogoobbobuobbobooobbobbbobooooooooboooon
goboobdb «guoggooo

pw:(w(l)aw(2)7aw(n))
oooooooooooo koo obuoo kbooboboouooo r,OO00O
oooo
r(w):Zrk
k=1

wddoooooooog
sBwB OO0 C xBOODOODOODO0OODOD0OO0OODO0OD BwBOOOODOOODODOOODODO
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Theorem 3.14 000000000000 : l(w) =r(w) (we &,).
Proor. 00000000 OOODO [?7]00000D00O0O |

00000000000000000000 we®,00000000000000000

00 »w0000000000 7,000000007,000000000000 100
000000000000 0000000000000000 100000000000
00 (0000O0000)00000000 1000000 000000000000 10
0D0000000000000 100000000000000000000000000
000 B-hull(T,) 00000000

Proposition 3.15 dim BwB = (B-hull(7,) 00000 1000)00000000

Proor. 00000 0ODODO0O0OODOODODOOD0OODOD0OOOO0OODLODODDDOODODOO
gogboboboobobbbooobobobbobooooobuobooobbooboooon
gooooboboob m

gbgbbooogubobobboobogbbobobbobodoooooobbboon
gogddobobbobobbbobboooboob oo ooboobobboboobooo
0000000000000 00O@OoU0ooO0O00o0ooooooooon)

00 B-hll(7,) 0000000000000 0O00O00OO00OOOOOOOO0O0OOO
0 Macdonald O Schubert polynomial 0 0 [Macdonald2 000000000000 0OODO
gogobobooboboobooond |

3.5 000000 (=000000)

00000000000000000000000000
geGL(n,C) 0000 H=¢*¢O0OODOODD0O0OO0O0O00O ¢*=% 00000000 H
0000000000000000000

Exercise 3.16 H D DU 0O0OO0OOO0OO0OOOOOO0OODOOOODODOOODOO
ggbbouooogog

gbogbobboogbbooooobobbooogooo

godbogbguobugbooobbboooobooon

gbbuoobogbooooobbobbbbuogbbbobbodoon
0o

goboouoooooobbobuoobobobobobbobbiboboooooooooogan
O000H=¢*¢00000000000000000000 weU(n)0OOOODO

al 0
uHu " = (a; > 0)
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oooboouobobdoooooo0 FoobooobobrgOooboOobooooooboobod
gouobobuaobobobdubboboobobod

-1

u' = ugu! (3.2)

gotboubububdggoubobbubobbbuooobbbbobbbbobodaobd
aleADD0D0DOOOOOO

IE *

u*u' = (uguta M) (uguta™") = a tugt(utu)gutaTt = a " u(gtg)uT e
1
=1

a ‘'uHu 'a ' =a ta®a n

000000000000000000000000000000 (3.2) 00000000
g=u""vau=u"au (a€ A, v ueU(n))

goboguogbogbodgbbogbooouoobbbuogobbodgg ebbobboobbb
ggbobooooobboboboobobbobogn

ay 0
a = (CL1>CLQZ"'2CL”>0)

0 Qn,
O0000000000 AtO00D0000000000

Theorem 3.17 (0000 00) 0000000 g0 g=waus (a € A*,u; € U(n)) 00
0000000000000 eeA*0 ¢000000000000000000O0

GL(n,C) =U(n)AU(n) = U(n)A"U(n)
goobbooooogooobooobboooon b

Proor. 0000000000000 DOOO0OOOOOATOODODODOOODOOODOO
gogobobobbbdobbbdoooobboon

Lemma 3.18 ujauy = a' (a,0' € AT, v; € U(n)) 000 a=d 000000 up =u, " = u}
gobd w0 000 ogn u1€ZU(n)(a)DDDDDDDDD Zy(a) O U
gbdtd et

Zy(a) ={u e U |ua = au}

gogood

PROOF.

a? = (uyaus) (uyaus)* = wia(ugul)au, b = uya?u;?

0000000 o?0 «2000000000000000000000 a=d 00000
0w0e?000000000000000000000 20 « 00000000000
00 v,0 «00000000000 wuy=1,000 |
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Ugbuibd w,w JOODODD0O0ODO0OO0O0O0O0ODOO0O00O0O000000 wau = viave U
00000000weE Zyw(e) DODOOO

U = vw, Uy = w_1U2

gobguodgbgbogogod |

Corollary 3.19 (000) 0000000 g0
g=uh (ueU(n), h:000000000000)

godgouobobbooboogn

PROOF. g = ujaus = (ujug)(usaus) =vh 00 000000000000 00O000 3170
goooogogod
oooooooooooooooon wh=h 00 vw=1, 000000000000
O00h=weu; (1=1,2)00000000000000000 ;e AtO0000000O0
goon
h;:h;hgzhlu*uhlzh%

googo
uraiut = h? = hi = usaiu}

00000000 318000000 a2=a2, 0 a1 =a; 00 uy'uy € Zypy(a) 0000
0ooo

uhy = hy = uuiau} = usaul = uuya = uga(us 'uy) = uz(uy 'uy)a = uja = u =1,
gooooogoggood |

0000 »n=100000000 2= 00000000000000000000O
godduougobouooobbobouooobbobbboooboobooboooo
ggbbuouboobbooboobobobbbobd

3.6 Uugooboooobooboobn

0000000000000000000 (0000000000000000000)00
0000000000000000000000000000000000000000
00 G=GL(»C) 0000 (0000)000000000000000

e K=U(n): nxnO0000D00000(000000O0000)

o A = {diag(as,as, -,a,) | a; € Roo}0 AT = {diag(ar, a9, -, a,) | a1 > ayg > -+ >
a, >0} C A

e N:OOODOOUODOOOD 1000000000 (DOODODODOODO)
e B:00000ODOOODDOOD (UDODOOOOUDOOODOOODO)
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e W . 0DDODODOUOODD (DODODOOD)
gogooobgbobobooboobooooobooonoa
e P' ~GL(2,C)/B

e U0OUO0O :G=KAN~K x Ax N

0000 X~G/B

0000000 : B\G/B = [[,y BwB

000000 : G=KAK = KA'K

e 000 :G=KHer" K xHer'OHer" 000000000 0DO0OOOO
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4.1 000

nO0000000 Clxy,--+,2,)] 00000000000 O0O0O0O0O0O0OOOOOOOO0O
000000 Clz] 000000000000 0OOO0O0OO Clxy,-+,2,)] 00000000
Ob0000 c€6,0000

V1 V2 v _ V1 12 12
o| Do matayoar ) =Yy aty oal,
ueZgo VEZ%O
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_ 2: a7y “)x; @, et

UEZ%O
000000000000 000f(z)eClx]0DD00

Uf(xlax% T '7xn) = f (xa(l)axU(Z)a o '71'0(77,))

gogoood

[D0000000] 0000000000000000000000000000000
D00000000000000f(z)=f(c '2)000000

o w1, 2 ) = (To(1)s To(@)s " * s To(n))

0000 i

0D000000000000000000000000000000000000000
000000000000000000000 Cz)000000000000000 Clz
00000000000000000000000000000000000000000
0D0000000000000000000000000000000000000000
00000000000000000040
0D0000000000000000000000000000000000000 00
00000000000000000000 f(z),9(z)eClz) 0000

o(fg)(x) =of(zx) og(x)
000000000000000000 Cx0000000000000000000

Definition 4.1 f(z) € Clz] 000000000 of(z)=f(z) 0000 0€6, 0000
000000000000000000 S=S[]=S[x,2s,-,5,]00000°%0
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oooo!
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gooobobod S:C[m]G"DDDDDDDDDDDD
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000000 SO Czx)000000000000OOOOOOOOOOOOO
gooooooobooboobooboooooo?ooboooooobooboboooboo

n

[T +2:t) =) en(a)tt (4.1)

=1

gbgugog:tggbooubbbuooooobboibd a,---,z, DODODOOODOOO
0000000000 e,(x) 00000000000 DOOOOOOOOOOODOOOOOO
godgbbobbboouobuooooooobbobobobbbbboooob nObOOOO
goboobbboobuodoooobuoouoguoogboooooobuoboooooon
gogogboougbbooooooobbbuobobobbobogboouooobbobooobn
goodgbbbudogugobobobuboobououoobooobobbn

[DD0DO000000] OO0 eg,e,--,6,0 QUIDIDODODODODODODODOODOOOOOO
000000 nO0D0O0O00OO0O0OOO /Qer,er--+,6,) 0O0DODDOODODODODOOODOO
K = Q(z1,29,-,7,) D L =Q(e,es,---,e,) 00000 K =L0000 K/LOOO
D00O[K:L]=n 0000000000 K~HeoLOOO? |

bbb oooooobuobobobboboooobuoobbboobg

Theorem 4.2 DO 0000 SOO0O0OOOOODOOOO0O0OODOODODODDOODOODOOO
(1) 0000000000000 0oOooOooOOooOOoooOoOoOoo
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Clyi,y2, -yl — Slz] C Clz]
u w

f(yla"'ayn) = f(el(x)a"'aen(x))
DDDDDDDDDDDDDDDDDDDDDDDDD)\:()\I,---,)\n)EZTZLODDDD

my(x) = Z ox’
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0000000O0m\(z) 000000000000000000000000000O00O0O
00 N> XN>--->),>0000000000 0000 PrO00OO00OOOO0
{my|AePt}0 SO0O0000D0O000O00O0OOOOOO0
000000000000000000000000000

Proor. 000000000 ANOOODODOODOOOOOODOOOOOOOO XePtOO
U0 pezZi,00ooooooon
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ma(z) — e1(z) ey () - - ey ()M
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odooo
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Theorem 4.3 (0000 0000) 0000000000000 0OO00OO0O0O0ODOOOOO
gogoo

k
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=0

0000000 {p,ps--+,p,y 000 SOO0000O00O0O0O00000O0O0O00OO0OO
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aer(z) + (e;(z) (1<i<k)0DODODO)

00000000000000000 2y =g =+ =2, =00000000 k=n0
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000000000 py(z)=n=k+(n—k)00000p, 0000000000 2000
D0000000000000000000000 »0000000000000000
0000000 {e,e, -+,600000000000000000 a=(—1)¢n-k)O
0000000 (e(z) (1<i<k) 0000)000000000000000000

000 {p1,p,--+,p,} 0000000000000000000000000000000
00000000000000000000000000000000000000000
00 OKOOOOODOOOOOOOOO0O00O00O0000000000000000000
0000000000000000000

pr=(—1)""kep + (ei(x) (1<i<k)O0D0ODO0) (1<k<n)

00000000000 A= (A,Ae--,A) 00000MA,A_1,---0000000000
0000000000%0pMz) =aeMz)+(0000) (e£0)0000000000000

gbbbuoduoooobobbuooodboboooobbobooooboo |

‘000000000000 0000000000O0O0000O00OO0
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[00000000] [Macdonaldl, §1.2] 00 000000000000 OOOOOOOOO
000 [Macdonaldl] 00 O0OD0D0O0 (D000 0DO0DO0ODO0OOOOOOOO)0DOOOOOO
00000 [Macdonaldl) 000 0000000000000 OOOO AXOOOO

e\ = 6)\16A2 e

000000000000 p,h O0OOOO0OOCOOOC0OOO0O000O Ap 0000
000000000000
00000000000000000000 h(z) O

hi(z) = Z my(x)

A=k

goboobbodobbobbododoobooooooobobooboobboooon
gogodoboouooboooobboooogo

gogboogbooogobboboboo

E@t) =[]0 +zt) =) et

e UOOMN e :

i>1 r>0
e DOIDODO hy:
Hit)y=[[Q -2ty => bt
i>1 r>0

e UOUOOO pyg :

T; d 1

pu— ,rtrilz ¢ pu— —1

2 E:l—@t E:m(%l—@t
r>1 1>1 i>1

000D0000d0oo0oOoooooooOon

e E(t)H(—t)=1":

n

> (~1)ephnr =0

e P(t) = H'(t)/H(1) : }
= Z Prhn—r

gboboobooobobuoooobbobbobobbbobob

t) = exp (Zpt;>

r>1

goodad
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e P()=FE'(t)/E(t): 000000000000000000000

E(t) = exp <— Zpr (—Z)’")

r>1

gbooogooggoogo

00000000000 e,ph 0000000 (00000000000000000)
00000000000000000000000000060000000000000
00000000000 [Macdonaldl, §1.2, Ex. 8 (p. 28)] 0 00 O

en = det(h1—ivj)1<ij<n, hy, = det(e1—itj)1<ij<n

4.2 00U

00000000000000000000000000000000000000000
000000000000000000000000 z—-y00000000000000
00000000000000000000000000000000000000000
0000000000 f(z,y) O

f(x,y) = fg(x,y)—i-(x—y)fl(x,y) (fO(Iay)afl(xvy) 00 D) (42)
gooooooooooooooon

Exercise 4.4 DO 000000 O0OOOODOODOOOOO
0000 (42)00000000

flz,y) e (CL+C(z —y))-(ODODO)
00000000000
Clz,yl = (CL +C(z —y))-(OODO)

0000000000000 000000000 42)00000000000OO0OOO0O
0000000000 (DOob0ooD)oo0oooO0o0ooooO0ooooooOoooOoOoooOoO

Clz,y] ~ (Cl+C(z —y))®(0DO0)

Exercise 4.5 000000000000 0O0OO0OOOOO 42)00p00oOoooOooOO
godoogoggobbooagd
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gobuobobodbbbodouugoooooboboouoboobbobooogon
gggobboobobbobboboubbbooobooobbbbooooboooo
gbobbuogogoobbobbboggobbobboboobbbuooboboouogob
guodggbobogobbbbooooboboooooooboobooboobod

(OODDD)=(@—y)(y—2)=—2)

gobbogoobooobbobbobbobboobbooouobobobbobooboo
guobguouobobboobobuouoooobooboban
gbbggbbuoobobooboobboobbbuoobobbobobobobboobbo
0000000000000 00DO0000O000000D00ODO0D0O0DOO0OODOOOO (O
00000)00000000 6,~Z, 00000000000 DOOOOOOOOOOOO
gbodbdob gsubooooboobooboboboboooboboo

Exercise 4.6 G; 0 0000000000 DOOO0O0OO0ODOOOODOOO

gogbogooooooooooooobooooboboobbd n0oobobbbbod
googoo

43 00000

ooood nO0O0obOOOOOOODODODO Oy,--+,0,0000000D00O0O00OOODOLODO
guogdggbouodboobboouoobuoooobboooobobuooobuoooooo
o0 Clxy,--+,2,) 0 0000000000000 COODOOOOOODOOODOOODOOO

0: Clry,mg,-++, 1, =~ Cloy, 0o, -+, On]
W W
f(xla"'axn) = a(f):f(alaaan)

000 ;0 0000000000000

gobobogbobobobbobobboobobuooobuoooboobbboobooon
gobogdbbbbdooboogbbuooooooobouoboboooooooboog
gobgdgobbododoaoogo

e JUUDLDLDOOUOODLDDLDOULULODLDDOOLUOULOODLDLOUOLOOODLDDO

e JOUUOOOLDDLDDOUOOOOLDOLODUODOODLDbODLDbLDbOOUOObLODLDbDDO
gboouogbbobboodgogobbbooobbooboooobon

000000000 (00000000)000000000000000000oo0ooo
goboboobbodoobbobobuoobbouoooboubbobobboobn
gogboobgooobbubooobbbboobboooobbboobobboooao
gobobboobobobooogbobbon

S =S, ,2,)000000000000000000C0O0O0O0OOOOOOOOOO
o0 S, 0bo00ooooooon
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Definition 4.7 h(z) € Cz] 00000000000 9(f)h=0(VfeS,)0000000
0000000000000 000000

H={heCl]|0(/)h=0 (fecS)}

O00000000000000000000000C0D00 0:Cz]—Clp)00O00O0O
gogbodboogobdugu ngbobobboobboobboobbbobboobbogn
gbogboobouogobbodgn

h(z): 0DDOOO ¢¢§E$M@:0(1gk§m

i=1
gbobobobooboboooobbuoooobbagnn

Remark 4.8 000000000 0OOODOOD Cc*000000O00O0DO0ODOOO0O
0000 ([Helgason])O

Example 4.9 D00 0O0O0O0OOOOOO

1<i<j<n

00000000000 feS, 0000 d(f)A(x)000000000000000O0
00000000000000000000 8(f)A(x) 00000000 A(x)00000
000000000000000

000000 A(x)00000D000000OO0ODO0O00O00OOO0O0O0O00O0O0O0O0O0
0000000000000 00000000000000 A(x)CDO0O0O0DOOCODODOO
0000000000 (00 5170

Exercise 4.10 000000000000 A(z) 0000000 n!=#6,000000
0D000000000000000000(00000 £ 000000000000000
0 (00 5.17))

(1) A(x) 0 2, 0000000 DOOOODOOOOODOOO zy,--,2,, 0000000
goo

n—1

A(z) = Zﬁk(Ih SR Y o

k=0
0000 mp_i(21,, Tp_1) = Mgy (21, +,2,,) 0000000000000 O

(2) 0000000 A(z)O C[oy,---,0,,]00000000 (n—1)!'00000000
00000000000 x"'00000000000000

(3) 00000 0000000000000 000 nl=mr-1)!-n00000000
ggooogood

gboobbooobbbouoogogooo
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Theorem 4.11 Clzy,20,--+,2,] ~H ® S (000000000)00000000000
00000000000

H®S ~ Clay,To, T
W w
h(z) ®@e(z) h(z)e(x)

o00o0dbOOo Ssobobooooboooboboooo

gogbboubgogbbbooogbbobooooobboooboon

0000000000 000000000000000000000000000000
goguoggbogbbbobbouobbuooooooooobbbobuooooooao
gobooogbobobobooooooobooboboboogon

Definition 4.12 C[z] DO OO (, ) O

(f(2), g(x)) = 9(f(x))g()

z=0

000000000 f(z)0(000)0000000000

gbogubobbdooooobuoduooooubuoooobobbboobboobobo
gbobobodgoogboboobuobooooooobgdgbbuoboon

Exercise 4.13 000 2* =2 ---z)» 0000

Aoy )0 (A7 w)
<$,$>—{)\!:)\1!---)\n! ()\lej)

gbogoogubbobbodagd

[D0000000] 00000000000000000000000000000000
00000000 (00)0 |

Lemma 4.14 (z;f(z),9(z)) = (f(x),0,¢(x)) 0000000000000 0OO

(h(@)f(2), 9(x)) = (f(2),0(h(x))g(z)) (Vh(z) € Clz])
00000000
Proor. 00000000000000 1

Proposition 4.15 00000000000000
Cla] =H & 5, Clz]

'D000000000000000 “0000”0
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Proor. U O OOUOOOOODODOOUOODOUODDODUOOUOOUUOUOUUUOUDLDEbDDO
00000 H1S,Clz] 00000000000 h(x)LS,Cl] 0000000000 ez) €
Sy, g(zr)eClzjO0ODDO?®

000 g(x)=0(e(z))h(z) DODODO
0 = [lo(e(z))h()II*, O O(e(z))h(x) =0

000000000 A(z) 0000000 DOOOODOOO |

Corollary 4.16 000000000000 00000 (00)000000000
Cla] =H-S
00000 411000000000

PROOF.

Clz] = Heo S, Clz]
= HaoS, (HoS.Cl))

— "':ZH'(S+)k
k=0
= H-S
i

gb 41100oobboooboobboboooooboboooobooooooon
googd

Lemma 4.17
f@) =) hu(@)e(x) =0 (hu(x) € H, e"(z) = e1()" ex()" - - en(w)")

0000 hy(z) =0 (V) 00O

Proor. DON OODOoDOoo0 UUUUOUU ooooooooo
0000000000 DO
n
D=Y 0
=1

goboobobobooodd

Dep(z) = (n—k+1)ep1(z) (1 <k <n)

800000 e(z)=e(x) 000D
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00000000000000(0000 41800)00000

0=Df(z }:{zwz (x) + hy(z) (Det(z))} = E:h ) (De*(x))
gogdg
Det(x Z/L] n—j+1)et % (x)
j=1
000000 f(»OOOODOOOODOOOOOOODDOOODOOODOOOODOOO |

gogbb 411 ddodbooooobbooobbooooon
Exercise 4.18 DO O0O0OO0 OO0
Deg(x) =(n—k+1eg1(zr) (1<k<n)
gooouoobboooboobouogn

(1) DoDDO0OO0OO0O0000

goodgoood

(2) 00000 DOODOODOOODO t0D0D0O00DO0O0DODOODODODODOOOO0OOOO0OO0
god

(3) 000 pOOOOOOODO +t+00000D00OOO0DDOODOOOOOOO
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5 Uuduoubgggod

gobdoooooooooooobooooooooboooooobooboon
(C['rlax%"'a'rn] 2%®S[I1,$2,"',In]

0000000000000000000000000

000000000 VOOOOOO VOO VOOOO00000000000000
GL(V)OODODOOO0OVO n000000 GL(V)O nxn00000000000000
000000000000000 GO0 VOODOOO0O0O00 GO0 GL(V)D000000
0000000000

UoO0DO0O0 7:G—-GLU)0VOODOO p:G—GL(V)0000000000000
000000000000000000000

T@p: G - GLU®YV)
U U
g — 7(9)®plg)

Ooboooooooobobooobboboooboog Hoo Ssoboooooobooo
00 (00o0oOo0ooOoO0oO0ooOOoOOO000OOoOoOOOO)DODOooOooooooooOo
0000000000 00000 (DOD0oboO0)=(0D00oo0b0)0Dooooooooboo
googboodgoo

0000000000000 (=00) 000000000000 OooO
goodgoogno

gogoooogod
(00000000 0000000000000 oo0oOooooooooooooo? |

gbbggoobobogbboobbbboobbboooobooouoooobon
O0DOoO00bODOO00 HO00000bDO0o0bDOb nl=#6, 000000000000
gogd
5.1 0OJ0OOOooo

gbbubobbdooouguobogbooooobbboooooubobooobbo
gbogboobbooobobobibobbiooboooooobbboooobbubbbo

goboobodabd
o0
V-
k=0

Oo0obooooooboooonD v, 00000 fkO000ooobooboooooo

Definition 5.1 0000 OO

oo

V=@V (dimV; <o)
k=0
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gbogobbbboboogobbuoouabbbobboobbbbob

Py(t) =Y (dim V)"

00
k=0

Example 5.2 V =C[z] (0000000)00000000000000OO0OOOOOO0O

gdo

1
1%@%:Tr¥:1+t+ﬁ+-~

gbooooo

Lemma 5.3 U,V 0000000 0O0O0OOOOOW =UVUOUOOOOOOODOOOOO
ggbobobdoogoogoon

[ k
W=PW, We=)» U;®Vi
k=0 =0
00000000000 0DO000000O0D0ODDODbO0O00D0DOODOOO0O0DDO

Proor. OO OODOOOOOODOOO |

Example 5.4 e V=Clry,-,2,|]00000000000000O0O0OCOCOOOOO
goboggood

o0

1 +k—1
Py(t) = n::E:(” ; )tk (5.1)
-0~ &
000D00000000000 k00000000000000000000000

000
Clzy, 20, -+, 2,] ~®"Clz] (0O000D0O0O00DO)

gooobogo s20b0bodgd s3000oooan

e JIDUDMO deg; =d; 00000000000V =Clay,--+,2,)] 0000000

g
1

gbogbboobobbobooooobbobbobouobooobobboooooooo
goboobobbouooobboogooboogan

Py (t) =

Exercise 5.5 0000000 n—100000000000 (.1)000000000O0O
1 o
- = tk
i
k=0
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[DO0000000]
e 100000000000 (NOO0D00O0OY)

e 1JUJU0ODDOODDO (DODODODO)

Theorem 5.6 DO OO OO0OO0 HOOODOOOOODDODOOODLOOODODODODODOOD
goggbon

n

11—t
Py(t)=1] — =
k=1 k

00000000000 XHOOOOOO0OO0dmH=n0000000000000000
000 n(n—1)/20000 A(z) 0000000

(I+t4++--- 4+

n
=1

Proor. 00O OO
P@[ml,...,mn}(t) = Py (t)Ps(t)

00000o0o0oooo 5400 1/1—-¢y)"0000000000O0O SOOODOOOOOO
00000 (x) 000000000D00ODODOO (OO 42)0000

S =Cley, ez, -+, enl, deger(z) =k

guobbobobbobodogg 4o oboon

guoobobon

gboggoboboobubgobuoboobooad |

gobbooobogbobbobobooboobbobbobobboobboobo
gbobobgobooouogobboooobogbbuoboobbbooboboobbbobo
gbgudgbuooubbobobbbooobogobobuooduoouoboooobbon
ggoboboboogbougbooogo

5.2 UU0U0b0OOOOO0OOOn

Oo0oooo0ob0ob00 qoooob0oobobboboobooooDobOooobogUooo
o00b0ooO0o0o00 qoooooooon
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Definition 5.7 G U ODO0O0OOOO0OO0ODODOOOOO

V:@Cg

gelG

0 000000000000 DO00bODO0o0o00o0o0obo voboobooooooo
000000000000 00000vVDO Gooo0ooo v=CqGoooooo

[D0000000] 0000000 LY(G)00o00ooooo0o00o0ooooo0ooooo
gbboguoguoobbouoobbooobuobbobuooboobboobbobob
0000000 LYG)0000o0o00000000000ooooooooonO LA(G)oo
goboobobbobogo

00000000 GO0 g0O000000D0 V=CG]OO VOOOOooooooo
0000000000000 0 GO0 GL(Vv)00D0oooooooooooooooood
GO V=(CGEoooooooooooooooo0o0n0 GO0 (0)00oooooooog

oobooboo ¢gobobooboboooobobbOobD “boo”booboboog
00000 GoOO00000000O000O00O00O000000D0000O0 (=0000)
gogbbbbogobbbooboobbbobbbobobuououooobuobbbobo
goo0oooboboooooooobooobooobooooboooDoboOoDbOobD oo
gbobobbobobuboouoooobo

000000000000000000000000000000O00O0O0 (cooo [?))
guobbooboodgbouooggbobbassiubunugbooobbouabn
00000oO0oooo0oo0oo00UD00D "0 GOOU0OO0(UOoO0)DoDooooo
000 reGANO0OO0O0O0O U,000000000000

Theorem 5.8 p: G - GL(V)O GO00000000COOOOOOOOOOO

V ~ @ Homea(U,,V) @ U, (5.2)

TEGA

EEERE
Homg(U;, V) ={A: U, =V : 0000 |Ar(g) = p(9)A (Vg € G)}
000000 (intertwining operator)’0 000 0000
Homg(U,,V)QU, 2 AQur— A(u) € V

(00)000O00O000

0000000000 (5.2) 000 VOODDOOOOOOOOOOHomg(U,,V)eU, 00O
O 0000 (isotypic component) 000 0000 dimHomg(U,,V)0O 00000
googoo

‘0000000000000 0000000O0000D0O000000O0
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0000000000000000000000000 p:G—-GL(V=CG)ODoood
gouoon
Homg(U,,V) ~ U’ = Homg¢(U,, C)

0000000000 A € Homg(U,, V)DDDD U000 U, >u— Au), e COOODO
000000000000 feCG)0000 GOO0OO 0000 £, 0000000

Exercise 5.9 00 00 Homg(U,,V)2 A~ (u— Au),) e U0 000000O0ODOODO
gotbgubogogood

() DoOooOoOooOooOoOOOOOoUOooOOobOOOoDOoOoOoo

(2) 00 peU: 0000 A, € Homg(U,,V) O

Z(p u)g €CGl=V

gelG

gobdobbobogobuoboobobbooouboboboobobbooago
gobbbodooogoobodgbo

0]0000000000000000000000000000000000000O00
gboobooogooboooan

gogbbogoooboodaboobooboo

Theorem 5.10 GO OODOOO0OO0O0OOO0OOO0OOODOODOOOODOO

~ P UreU

TEGN

OO0D00o00booobobognDg dimUr =dimr00oooogng

[00000000] 000000000000 GxGOO0OD0D0D0OD0O0D0DOOooooog
ooboooooooooovurooooboooobooooobooboobo0oobOOoGooooon
gbouoboogbguboogbbuobuguboogoboboobouboooobuonogobo
gouogooobobogod |

Corollary 5.11 DO 0O0O0O0OOO0OOOOOOOOOOOOO
#G = (dim7)’
TEGN

OO0 qOhOooobooobooooobobobooooobooonog #GOo0O0O0O0O0On
gogggog

00000000000000000000000000 #G"=(GO0000000)O0
gobbooobgood
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Exercise 5.12 U0 00000000 ODOOOO0O0OO0ODOOOOOOODODO

(1) GO0000000O0O0OOODOOOO0OO
(2) GOOOOOOOODOOO #GoO0O0

(3) Z,=Z/pZz00000000000000000C00O

5.3 UUuubobbooodobobodgd
)\:()\I,AQ,,An)DDDD

1<k<n

000000000000 6= (mn—1,--+,2,1) 00

e(0r) — exp ( Z kxk)

00000000000000 w e 6, 0000 w, s, ) = Au1), M),
i) 0000000000000

{e@) |y e &, )

OO000O0oOO00000oooooobooDobobooOooDD #6,=n000000000
gobooooboobO0oobogobD ebooUobOobobObUOOobbbOobDOoboOobDOog

p(s)e(w5,w) — e(swé,w) (S c Gn)

godbboobooobboooboooobboobboboo

£ = { Z e

’LUGGn

ay € (C} ~ C[G] (5.3)

0000000000 ooooooooon
Exercise 5.13 0O O0OOOO0O0OO
[ |y e ®,)

gbobugbbboodooobboooo
000 0000000 NeCrOODOODOO0OO0ODOODOOOOODOOOOODODOOOOO
gogo
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o000 e000oboboooob HOoOooObOooobooooobooooobboooo
oooboboboboooobbob Hooboobobbobboobboobbaod

k>000000000
g : € = Clxy, x9, -+ -, T,

wo,r 1
SOk(e( > )) = H(wé’ x)k

bbb obbbodoboobioobobbobobboibbDO ¢ €
Homg, (£,Clz]) DO OD0OO0D0O0O0OO0O00OO0O0O0OD0OOO0OO0OOOOODOOOOOOOOO
O00000o0o0oboooooooooboog eogoobo

E={E€&|pj(B)=0(0<j<k}= [ kerg,

0<j<k

00000000000 E=££000000000
E=EDE D DEN={0}

00000000000 (0000000)obooooog

Exercise 5.14 £, ={0} 00 0000000000000
Hint] 0000000000000 OCOOO0OOOOOOOOOOO

Lemma 5.15 ¢ (&) CcHOOO
Proor. f(z) e Clz] 0000000 D0OOOOD d0000000OO0O0ODODODOOOO

O(f)e™>™ = f(wd)e ) (5.4)

000
©i(0(f)E) = 0(f)pj+a(E)  (E€E) (5.5)
00000000
000 f(z)€S0000 fx) 0000000000 (5.4) 00

O(f)e = fwd)e™®) = f(§)e")

000 d(f): € »€£00000000000000000 8(f)0 £00000 f(6) 00
00000000000000 (550000 E€& 00 d>10000

O(f)er(E) = p—a(O(f)E) = f(6)pr—a(E) =0
000 o (E)eX 000000000000 |

£00000000000000000000
o

gt =P E/Esr, g1 E = Er/Ern
k=0
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gotoodoouoooooooo
orign € > My =(k0000000000)
oooooooooogd
Theorem 5.16 DO OO0 OOOODO gr,é~H, UOOODODODOO
H~gré& ~E&~CG]
oo oo oooooooooo

Proor. 0000000000000 OOODOOOOOOODOOOOOOOOOOYMO
O00o00oopDooDon0 ¢gr:gr, £ -=HOOOOOOOOODOO

O = (pg):gré - H

00000000000000000000O0 000 (00 5600 (5.3)000)00
ooOoooooo i

54 00000000
Theorem 5.17 A(z) = [[ (s —2;) 000000000000

C[01, D, -+, 0| Alz) = H
gooodooooouooooooooood
(1) f(z) € $,Clx] OO O A(f)A(x) =0
(2) flz) €M, flx) #0000 O(f)A(z) #0

Proor. 0000 4100000000000 o 00000000O00DO00ODO 490000
0000000000000 00DO0000000 n!OD00OD0O00D0DOO0ODO0O0ODOO0OOO

(1) 0 A(x) D00DD0O00O0000O0ODO000O0 (2) 0000000000
I(f)A(x) =000 Vg(z) e Clz] D DOODO

0= (0(f)A(z), g(x)) = (Ax), f(x)g(x)) = (O(g(x))Az), f(x)) = (f(x),d(g(x)) A(x))
00000 8(y(x)A(z) 0000000000000000 f(z)lH OO0 f(z)=00
00 |

0000000000000000 A(z) 000000000000000000 gr, &=
Hy=0(k>n(n—1)/2)000

[00000000] 0000000000000 00O00o0O0oOooDoooooooOoo
ggoon

opoooooo
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o fake degree 1 DO D 0OUO 7€e&X0000

n(n—1)/2

pr() = > [Mp:7ld"

O fake degree 00000000000 DDO (DOOOOOO [Steinbergl, 000 00O
0 A0JO0OO0OOOOODOOODOO [GNSjooOoOoOoO)ooooooooooooo
goooooood

e 0000D0000000000000000000
0(A(z))A(x)
000000? 0000 A(z) 0000000000000000 Capeli 0007
e Conjecture 5.18 HO0 O OO TOOOD0000000000
T(f(z)) = (@D O)A(f(x))A(x)

godogbooodgbogboboobbooobbbobobobobboboboago

gogbobbbodboboouuouoooobouoboobbobbooboooo
godoobuogbboboooooubboooooooo
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6 UOduoooogd

0000000000 reductivedual pair DO O0O0 00000000 0OOOOODO Howe-
Tan, Kostant, Binegar-Zierau

T Uoobooobbobodooooobogd

OO0O00DO000 Kostant-RallisO O OO OOO 70

8 LUbooboon

ooooooooooo?
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