
Dual pairs and lassial invariant theoryRepresentation theory and reent advanesKyo NishiyamaGraduate Shool of SieneKyoto UniversitySeminar Talk at Department of Mathematis, Bangalore University
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 1 / 28



1 Introdution2 Dual pairs3 Comapt dual pair & harmonis4 Intersetion of harmonis5 Weil representation6 Capelli identity for symmetri pair7 Branhing of unitary highest weight moduleKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 2 / 28



IntrodutionDual pairs are introdued by Roger Howe

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theory

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers3 A big symmetry beyond the lassial invariants
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers3 A big symmetry beyond the lassial invariants4 Produing a new onstrution of (in�nite dim) unitary representations
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers3 A big symmetry beyond the lassial invariants4 Produing a new onstrution of (in�nite dim) unitary representations5 Desribing branhing rules for various (in�nite dim) representations
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers3 A big symmetry beyond the lassial invariants4 Produing a new onstrution of (in�nite dim) unitary representations5 Desribing branhing rules for various (in�nite dim) representations6 And more ... , whih you an explore!
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



IntrodutionDual pairs are introdued by Roger HoweIt is a powerful and leading mahinery in the representation theory andsome part of invariant theoryThe theory inludes1 Good desription of invariants2 Struture of harmonis or null �bers3 A big symmetry beyond the lassial invariants4 Produing a new onstrution of (in�nite dim) unitary representations5 Desribing branhing rules for various (in�nite dim) representations6 And more ... , whih you an explore!We will explain only a small part of the relationshipbetween the theory of dual pairs and the lassial invariant theoryKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 3 / 28



Dual pairsDual pairsWR = R2N : sympleti spae with hu; vi : sympleti form=) sympleti group G = Sp(WR)

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 4 / 28



Dual pairsDual pairsWR = R2N : sympleti spae with hu; vi : sympleti form=) sympleti group G = Sp(WR)De�nition (dual pair)(G ;G 0) : redutive dual pair in Sp(WR) if1 G ;G 0 are redutive subgroups in Sp(WR)2 mutually ommutant to eah other in Sp(WR)G 0 = fh 2 G j gh = hg (8g 2 G )gG = fg 2 G j gh = hg (8h 2 G 0)g
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 4 / 28



Dual pairsDual pairsWR = R2N : sympleti spae with hu; vi : sympleti form=) sympleti group G = Sp(WR)De�nition (dual pair)(G ;G 0) : redutive dual pair in Sp(WR) if1 G ;G 0 are redutive subgroups in Sp(WR)2 mutually ommutant to eah other in Sp(WR)G 0 = fh 2 G j gh = hg (8g 2 G )gG = fg 2 G j gh = hg (8h 2 G 0)gK � G ; K � G ; K 0 � G 0: maximal ompat subgroupsWe an assume: K � K 0 � KKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 4 / 28



Dual pairsDual pairs of type I with Hermitian G 0F = R; C ; H : �eld with onjugation �

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 5 / 28



Dual pairsDual pairs of type I with Hermitian G 0F = R; C ; H : �eld with onjugation �V : vetor spae =F with �-Hermitian form (; )VU : vetor spae =F with �-anti-Hermitian form (; )U=) W = V 
F U with �-anti-Hermitian form (; )W = (; )V 
 (; )U=) hx ; yi = Im(x ; y)W : sympleti form on WR := W =R
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 5 / 28



Dual pairsDual pairs of type I with Hermitian G 0F = R; C ; H : �eld with onjugation �V : vetor spae =F with �-Hermitian form (; )VU : vetor spae =F with �-anti-Hermitian form (; )U=) W = V 
F U with �-anti-Hermitian form (; )W = (; )V 
 (; )U=) hx ; yi = Im(x ; y)W : sympleti form on WR := W =RG := Sp(WR) : sympleti group
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 5 / 28



Dual pairsDual pairs of type I with Hermitian G 0F = R; C ; H : �eld with onjugation �V : vetor spae =F with �-Hermitian form (; )VU : vetor spae =F with �-anti-Hermitian form (; )U=) W = V 
F U with �-anti-Hermitian form (; )W = (; )V 
 (; )U=) hx ; yi = Im(x ; y)W : sympleti form on WR := W =RG := Sp(WR) : sympleti groupPut G := U+(V )
 1 ,! G : isometry group wrt (; )VG 0 := 1
 U�(U) ,! G : isometry group wrt (; )U
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 5 / 28



Dual pairsDual pairs of type I with Hermitian G 0F = R; C ; H : �eld with onjugation �V : vetor spae =F with �-Hermitian form (; )VU : vetor spae =F with �-anti-Hermitian form (; )U=) W = V 
F U with �-anti-Hermitian form (; )W = (; )V 
 (; )U=) hx ; yi = Im(x ; y)W : sympleti form on WR := W =RG := Sp(WR) : sympleti groupPut G := U+(V )
 1 ,! G : isometry group wrt (; )VG 0 := 1
 U�(U) ,! G : isometry group wrt (; )ULemma(G ;G 0) is a redutive dual pair inside GKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 5 / 28



Dual pairsTable of type I dual pairs�eld (G ;G 0) stable rangeR : (O(p; q);Sp(2n;R)) 2n � min(p; q)C : (U(p; q);U(m; n)) m + n � min(p; q)H : (Sp(p; q);O�(2n)) n � min(p; q)
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 6 / 28



Dual pairsTable of type I dual pairs�eld (G ;G 0) stable rangeR : (O(p; q);Sp(2n;R)) 2n � min(p; q)C : (U(p; q);U(m; n)) m + n � min(p; q)H : (Sp(p; q);O�(2n)) n � min(p; q)O(p; q) : orthogonal group preserving inde�nite quadrari formx21 + � � �+ x2p � x2p+1 � � � � � x2p+qU(p; q) : inde�nite unitary group preserving Hermitian formx1y1 + � � �+ xpyp � xp+1yp+1 � � � � � xp+qyp+qSp(2n;R) : sympleti group preserving sympleti formp = 0 or q = 0 ) dual pair of ompat typeKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 6 / 28



Dual pairsSee-saw pair & diamond pairUp;q Sp2n(R)2Up � Uq Op;q Sp2n(R) U2nOp �Oq UnU2p;2q O�2n2U2p � U2q Sp2p;2q O�2n U2nUSp2p � USp2q UnU2p;2q Un;nSp2p;2q O2p;2q Sp2n(R) O�2nUp;q UnKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 7 / 28



Comapt dual pair & harmonisDiamond pair of ompat typeU2n Uk;kUSp2n O2n Sp2k (R) O�2kUn Uk
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 8 / 28



Comapt dual pair & harmonisDiamond pair of ompat typeU2n Uk;kUSp2n O2n Sp2k (R) O�2kUn Uk(G ;G 0) � Sp(WR) : dual pair with G ompat (one of the above)
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 8 / 28



Comapt dual pair & harmonisDiamond pair of ompat typeU2n Uk;kUSp2n O2n Sp2k (R) O�2kUn Uk(G ;G 0) � Sp(WR) : dual pair with G ompat (one of the above)WC = WR 
R C = X � Y : 9 polar deomposition =C s.t.1 X & Y : max totally isotropi2 K 0 � G 0: max ompat subgrp C -fy=) K 0CGC � K 0C y X : holomorphi ationKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 8 / 28



Comapt dual pair & harmonisG y X =) G ats on funtions on X�(g)f (x) = f (g�1x) (f (x) 2 C [X ℄; g 2 G )

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 9 / 28



Comapt dual pair & harmonisG y X =) G ats on funtions on X�(g)f (x) = f (g�1x) (f (x) 2 C [X ℄; g 2 G )C [X ℄G : G -invariants (= GC -invariants ) i.e.,C [X ℄G = ff (x) 2 C [X ℄ j �(g)f (x) = f (x)g : graded algebra=) C [X ℄G+ : invariants of positive degree

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 9 / 28



Comapt dual pair & harmonisG y X =) G ats on funtions on X�(g)f (x) = f (g�1x) (f (x) 2 C [X ℄; g 2 G )C [X ℄G : G -invariants (= GC -invariants ) i.e.,C [X ℄G = ff (x) 2 C [X ℄ j �(g)f (x) = f (x)g : graded algebra=) C [X ℄G+ : invariants of positive degreeDe�nition (harmonis)H(G ) = ff 2 C [X ℄ j p(�)f = 0 8p 2 C [X ℄G+g : G -harmonis (G � K 0-module)
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 9 / 28



Comapt dual pair & harmonisG y X =) G ats on funtions on X�(g)f (x) = f (g�1x) (f (x) 2 C [X ℄; g 2 G )C [X ℄G : G -invariants (= GC -invariants ) i.e.,C [X ℄G = ff (x) 2 C [X ℄ j �(g)f (x) = f (x)g : graded algebra=) C [X ℄G+ : invariants of positive degreeDe�nition (harmonis)H(G ) = ff 2 C [X ℄ j p(�)f = 0 8p 2 C [X ℄G+g : G -harmonis (G � K 0-module)ExampleG = On(R) y X = C n C [X ℄G = C [�℄� = x21 + � � �+ x2n $ Laplaian � = �21 + � � � + �2n
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 9 / 28



Comapt dual pair & harmonisG y X =) G ats on funtions on X�(g)f (x) = f (g�1x) (f (x) 2 C [X ℄; g 2 G )C [X ℄G : G -invariants (= GC -invariants ) i.e.,C [X ℄G = ff (x) 2 C [X ℄ j �(g)f (x) = f (x)g : graded algebra=) C [X ℄G+ : invariants of positive degreeDe�nition (harmonis)H(G ) = ff 2 C [X ℄ j p(�)f = 0 8p 2 C [X ℄G+g : G -harmonis (G � K 0-module)ExampleG = On(R) y X = C n C [X ℄G = C [�℄� = x21 + � � �+ x2n $ Laplaian � = �21 + � � � + �2nH(G ) = ff 2 C [x1 ; : : : ; xn℄ j �f = 0g =M1̀=0 V (`)V (`) = (spherial harmonis of deg `)Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 9 / 28



Comapt dual pair & harmonisTheorem1 Multipliation : H(G )
 C [X ℄G ! C [X ℄ is surjetive

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 10 / 28



Comapt dual pair & harmonisTheorem1 Multipliation : H(G )
 C [X ℄G ! C [X ℄ is surjetive2 G is relatively large ) C [X ℄ ' H(G )
 C [X ℄G as G � K 0-module

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 10 / 28



Comapt dual pair & harmonisTheorem1 Multipliation : H(G )
 C [X ℄G ! C [X ℄ is surjetive2 G is relatively large ) C [X ℄ ' H(G )
 C [X ℄G as G � K 0-module3 G is relatively large )H(G ) 'L� 
 � : mult-free deomp as G � K 0-mod, whereIrr(G )X 3 � $ � 2 Irr(K 0)X : one-to-one orrespondene

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 10 / 28



Comapt dual pair & harmonisTheorem1 Multipliation : H(G )
 C [X ℄G ! C [X ℄ is surjetive2 G is relatively large ) C [X ℄ ' H(G )
 C [X ℄G as G � K 0-module3 G is relatively large )H(G ) 'L� 
 � : mult-free deomp as G � K 0-mod, whereIrr(G )X 3 � $ � 2 Irr(K 0)X : one-to-one orrespondeneTheorem is a onsequene of the lassial invariant theoryExampleG = On(R) y X = C n C [X ℄G = C [�℄ � = x21 + � � �+ x2n
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 10 / 28



Comapt dual pair & harmonisTheorem1 Multipliation : H(G )
 C [X ℄G ! C [X ℄ is surjetive2 G is relatively large ) C [X ℄ ' H(G )
 C [X ℄G as G � K 0-module3 G is relatively large )H(G ) 'L� 
 � : mult-free deomp as G � K 0-mod, whereIrr(G )X 3 � $ � 2 Irr(K 0)X : one-to-one orrespondeneTheorem is a onsequene of the lassial invariant theoryExampleG = On(R) y X = C n C [X ℄G = C [�℄ � = x21 + � � �+ x2nC [X ℄ = H(G )
 C [�℄ =L1k=0H(G ) �kH(G ) =L1̀=0 V (`)V (`)��Sn�1 = polynomials of deg ` restrited to the sphere Sn�1Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 10 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Om(R); Sp2k (R)) in Sp2mk(R) ; GC = Om(C ); K 0C = GLk(C )

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 11 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Om(R); Sp2k (R)) in Sp2mk(R) ; GC = Om(C ); K 0C = GLk(C )WC = Mm;2k(C ) = Mm;k(C ) �Mm;k(C ) := X � Y : polar deompGC y X = Mm;k(C )x K 0C : natural left (resp. right) ation

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 11 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Om(R); Sp2k (R)) in Sp2mk(R) ; GC = Om(C ); K 0C = GLk(C )WC = Mm;2k(C ) = Mm;k(C ) �Mm;k(C ) := X � Y : polar deompGC y X = Mm;k(C )x K 0C : natural left (resp. right) ationAssume m � 2k (stable range ondition) thenC [X ℄ ' H(Om)
 C [X ℄Om

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 11 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Om(R); Sp2k (R)) in Sp2mk(R) ; GC = Om(C ); K 0C = GLk(C )WC = Mm;2k(C ) = Mm;k(C ) �Mm;k(C ) := X � Y : polar deompGC y X = Mm;k(C )x K 0C : natural left (resp. right) ationAssume m � 2k (stable range ondition) thenC [X ℄ ' H(Om)
 C [X ℄Ominvariants: C [X ℄Om ' C [Symk ℄

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 11 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Om(R); Sp2k (R)) in Sp2mk(R) ; GC = Om(C ); K 0C = GLk(C )WC = Mm;2k(C ) = Mm;k(C ) �Mm;k(C ) := X � Y : polar deompGC y X = Mm;k(C )x K 0C : natural left (resp. right) ationAssume m � 2k (stable range ondition) thenC [X ℄ ' H(Om)
 C [X ℄Ominvariants: C [X ℄Om ' C [Symk ℄harmonis: H(Om) ' L�2Pk �� 
 �� (Om � GLk -mod)wherePk = f� = (�1; : : : ; �k) j �1 � � � � � �k � 0g��: irred �nite dim rep of Om with ht wt ���: irred �nite dim rep of GLkKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 11 / 28



Comapt dual pair & harmonisGeneri Om-orbit O in Mm;k is losed andisomorphi to Stiefel manifold O ' Om=Om�k

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 12 / 28



Comapt dual pair & harmonisGeneri Om-orbit O in Mm;k is losed andisomorphi to Stiefel manifold O ' Om=Om�kThe regular funtion ring : C [O ℄ ' IndOmOm�k 1 ' H(Om) =)

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 12 / 28



Comapt dual pair & harmonisGeneri Om-orbit O in Mm;k is losed andisomorphi to Stiefel manifold O ' Om=Om�kThe regular funtion ring : C [O ℄ ' IndOmOm�k 1 ' H(Om) =)TheoremIf m > 2k, then as representation of OmC [O ℄ ' IndOmOm�k 1 = L�2Pk(dim ��)�� (as Om -mod)where �� is a representation of GLk
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 12 / 28



Comapt dual pair & harmonisGeneri Om-orbit O in Mm;k is losed andisomorphi to Stiefel manifold O ' Om=Om�kThe regular funtion ring : C [O ℄ ' IndOmOm�k 1 ' H(Om) =)TheoremIf m > 2k, then as representation of OmC [O ℄ ' IndOmOm�k 1 = L�2Pk(dim ��)�� (as Om -mod)where �� is a representation of GLkRemarkFrobenius reiproity tells us that dim(��)Om�k = dim ��Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 12 / 28



Comapt dual pair & harmonisComplete desription of C [Mm;k ℄ as a Om � GLk-moduleX = Mm;k Assume m > 2kC [X ℄ ' H(Om)
 C [X ℄Om ' H(Om)
 C [Symk ℄

Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 13 / 28



Comapt dual pair & harmonisComplete desription of C [Mm;k ℄ as a Om � GLk-moduleX = Mm;k Assume m > 2kC [X ℄ ' H(Om)
 C [X ℄Om ' H(Om)
 C [Symk ℄We needLemmaAs a GLk -module, C [Symk ℄ =L�2Pk �2�Thus we get C [X ℄ ' L�;�2Pk �� 
 (�� 
 �2�)
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 13 / 28



Comapt dual pair & harmonisComplete desription of C [Mm;k ℄ as a Om � GLk-moduleX = Mm;k Assume m > 2kC [X ℄ ' H(Om)
 C [X ℄Om ' H(Om)
 C [Symk ℄We needLemmaAs a GLk -module, C [Symk ℄ =L�2Pk �2�Thus we get C [X ℄ ' L�;�2Pk �� 
 (�� 
 �2�)Traing the e�et of degree, we getTheoremC [Mm;k ℄d ' L�;�2Pk �� 
 (�� 
 �2�) where �; � 2 Pk moves under theondition j�j+ 2j�j = dKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 13 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (Un;Uk;k ) in Sp4nk (R) ;GC = GLn(C ); K 0C = GLk(C ) � GLk(C )WC = M2n;2k(C ) = Mn;2k(C ) �Mn;2k (C ) := X � Y : polar deompGC y X = Mn;2k(C )x K 0Cwhere X = M2n;k(C ) = (C n )� 
 C k � C n 
 (C k )�Assume n � 2k (stable range ondition) thenC [X ℄ ' H(GLn)
 C [X ℄GLninvariants: C [X ℄GLn ' C [Mk ℄harmonis: H(GLn) 'L�;�2Pk �(n)��� 
 (�(k)� 
 �(k)� )(GLn � (GLk � GLk)-mod)�� � = (�1; : : : ; �k ; 0; : : : 0;��k ;��k�1; : : : ;��k)�(k)� : irred �nite dim rep of GLkKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 14 / 28



Comapt dual pair & harmonisExample(G ;G 0) = (USp2n;O�2k ) in Sp4nk (R) ; GC = Sp2n(C ); K 0C = GLk(C )WC = M2n;2k(C ) = M2n;k(C ) �M2n;k (C ) := X � Y : polar deompGC y X = M2n;k(C )x K 0C by multipliationAssume n � k (stable range ondition) thenC [X ℄ ' H(Sp2n)
 C [X ℄Sp2ninvariants: C [X ℄Sp2n ' C [Altk ℄harmonis: H(Sp2n) 'L�2Pk �� 
 �� (Sp2n � GLk -mod)where��: irred �nite dim rep of Sp2n with ht wt ���: irred �nite dim rep of GLkKyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 15 / 28



Intersetion of harmonisIntersetion of harmonisReall the diamond pair of pt type:U2n Uk;kUSp2n O2n Sp2k (R) O�2kUn Uk
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 16 / 28



Intersetion of harmonisIntersetion of harmonisReall the diamond pair of pt type:U2n Uk;kUSp2n O2n Sp2k (R) O�2kUn UkFor these pairs, 9 the same polarization WC = X � Y andthe harmonis H(G ) � C [X ℄ is in a ommon ambient spae C [X ℄
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 16 / 28



Intersetion of harmonisIntersetion of harmonisReall the diamond pair of pt type:U2n Uk;kUSp2n O2n Sp2k (R) O�2kUn UkFor these pairs, 9 the same polarization WC = X � Y andthe harmonis H(G ) � C [X ℄ is in a ommon ambient spae C [X ℄=) we an take intersetionH(Un) = H(O2n) \H(USp2n)Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 16 / 28



Intersetion of harmonisTheoremPut ��;� : Littlewood-Rihardson oe�ientH(GLn) = H(O2n) \H(Sp2n) =L�;�;�2Pk ��;� �(n)��� 
 �(k)�hene(�� 
 �(k)� ) \ (�� 
 �(k)� ) = Lj�j=j�j+j�j ��;� �(n)��� 
 �(k)� (�; � 2 Pk)
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 17 / 28



Intersetion of harmonisTheoremPut ��;� : Littlewood-Rihardson oe�ientH(GLn) = H(O2n) \H(Sp2n) =L�;�;�2Pk ��;� �(n)��� 
 �(k)�hene(�� 
 �(k)� ) \ (�� 
 �(k)� ) = Lj�j=j�j+j�j ��;� �(n)��� 
 �(k)� (�; � 2 Pk)By GL2n � GLk -duality, �(2n)� 
 �(k)� � (�� 
 �(k)� ) \ (�� 
 �(k)� )
Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 17 / 28



Intersetion of harmonisTheoremPut ��;� : Littlewood-Rihardson oe�ientH(GLn) = H(O2n) \H(Sp2n) =L�;�;�2Pk ��;� �(n)��� 
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 �(k)� ) \ (�� 
 �(k)� ) = Lj�j=j�j+j�j ��;� �(n)��� 
 �(k)� (�; � 2 Pk)By GL2n � GLk -duality, �(2n)� 
 �(k)� � (�� 
 �(k)� ) \ (�� 
 �(k)� )Fix v� 2 �(2n)� : GL2n-highest weight vetor=) �� 2 Irr(O2n); �� 2 Irr(Sp2n): subrep of �(2n)� generated by v��(2n)� � �� \ �� =Lj�j=j�j+j�j ��;� �(n)���(n should be suÆiently large)Kyo Nishiyama (Kyoto Univ.) Dual pair and invariant theory 2007/09/25 17 / 28
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 L�as G � (g0;fK 0)-moduleFor any v 6= 0 2 �,L� ' 
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 S+(p0�)�K 0 =) 9Z 2 U(m)G s.t. 
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(Z )Proof.(M;K 0) is dual pair & X is K 0-invariant =) 
(X ) 2 
(U(m))(G ;G 0) is dual pair & X 2 U(g0) =) 
(X ) 2 
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(Xi) (8Xi 2 �S+(p0i+)
 S+(p0i�)�K 0i )=) killed by 
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Branhing of unitary highest weight module

Thank you for your attention!
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