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Introduction

Introduction I

Among various properties of a double flag variety X “ K{BK ˆ G{P of finite type, we focus on
the followings:

Geometry of orbits (dimensions, closure relations, conormal variety and moment maps, etc.)

Combinatorics based on the graphs, Young tableaux, and RSK correspondence

Representations of Hecke algebras, Weyl groups, and a kind of Springer-Steinberg theory

We report a definite results on the double flag variety of type AIII, or

X “
´

FℓpCpq ˆ FℓpCqq
¯

ˆ Grr pCp`qq ðK “ GLp ˆ GLq

The talk is based on the (on-going) joint works with Lucas Fresse (IECL, Univ. Lorraine, France)

Lucas Fresse and Kyo Nishiyama, Action of Hecke algebra on the double flag variety of type
AIII, arXiv:2206.10476 [math.RT].

——, A Generalization of Steinberg Theory and an Exotic Moment Map, International
Mathematics Research Notices (2020), rnaa080.

——, Orbit embedding for double flag varieties and Steinberg map, Contemp. Math. 768
(2021), 21–42.

——, On generalized Steinberg theory for type AIII, 2021, arXiv:2103.08460.
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Introduction Double flag varieties and K -orbits

Double flag varieties and K -orbits I

Consider:

G : connected reductive algebraic group

K : symmetric subgroup

P Ă G , Q Ă K : parabolic subgroups (psg)

The double flag variety X is introduced in (N-Ochiai 2011 [8])

X “ G{P ˆ K{Q ðK

Usually #X{K “ 8, but D interesting cases where #X{K ă 8, called finite type

even D classification (He-N-Ochiai-Oshima 2013 [4]) of X of finite type

(when P “ BG or Q “ BK , i.e., one of them is a Borel subgrp)

Note that X{K » QzG{P (preserving closure relations)
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Introduction Double flag variety of type AIII

Double flag variety of type AIII I

Take C as a base field (for convenience)

In this talk, we will concentrate on the case of symmetric sp of type AIII:

G “ GLn : general linear group

K “ GLp ˆ GLq : block diagnal subgrp of G (p ` q “ n)

P “ Ppr,n´rq : max psg in G (with 2 diag blocks of size r & n ´ r)

Q “ BK “ Bp ˆ Bq : Borel subgrp in K

So that X “ GLn{Ppr,n´rq ˆ GLp{Bp ˆ GLq{Bq

» Grr pV q ˆ FℓpV`q ˆ FℓpV´q,

where

V “ V` ‘ V´ pV` “ Cp , V´ “ Cqq polar decomposition

Grr pV q : Grassmannian of r -dim subsp’s of V

FℓpV˘q : complete flag varieties
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Introduction Double flag variety of type AIII

Double flag variety of type AIII II

Lemma

#X{K ă 8, i.e., X is of finite type

Write X “ Grr pV q “ G{Ppr,n´rq ù K ñ X : spherical (i.e., #X {BK ă 8)

Lemma

X{K
» // X {BK

Q Q

K ¨ prτ s,F`
0 ,F´

0 q
� // BK ¨ rτ s

where rτ s P Grr pV q, F˘
0 : standard flags stabilized by Bp or Bq

We will often identify X{K » X {BK

Let us describe what is the representative tτu
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Description of K orbits on X Partial permutations

Description of K orbits on X I

Partial permutation: τ1 P Tp,r Ă Mp,r with entries of 0 or 1, in which #1 “ 0 or 1 in @rows and
columns

T “ Tpp,qq,r :“

"

τ “

ˆ

τ1
τ2

˙

P Tp,r ˆ Tq,r

ˇ

ˇ

ˇ
rank τ “ r

*

Ă Mp`q,r

pairs of partial permutations of full rank

TðSr ù T “ T{Sr : quotient by the symmetric group action

Denote rτ s :“ Im τ P Grr pV q: r -dim subsp gented by column vectors of τ

Theorem

T Q τ ÞÑ rτ s P Grr pV q factors through to

T “ T{Sr
»

ÝÝÝÑ X {BK » X{K

so that we get T » X{K

D convenient presentation by graphs...
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Description of K orbits on X Graphs

Graphs I

Denote τ P T by a graph Γpτq:

signed Vertices: positive vertices V`
p “ t1`, . . . , p`u & negative vertices

V´
q “ t1´, . . . , q´u

Edges between i` P V`
p and j´ P V´

q if τ contains two 1’s at the positions i` & j´ in the
same column

Marking at the vertex i` or j´, with only one 1 at i` or j´ in a column

#(Edges) ` #(Marked points) “ r

Example

pp, qq “ p5, 3q and r “ 4,

τ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0

0 1 0 0
0 0 0 1
1 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“

ˆ

e2 e4 e5 0
e3 e1 0 e2

˙

ù Γpτq “

‚ ‚ ‚ ‚ ‚

1` 2` 3` 4` 5`

‚ ‚ ‚

1´ 2´ 3´

Gppp, qq, rq: the set of graphs with vertices V`
p Y V´

q & exactly r edges & marked points
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Description of K orbits on X Graphs

Graphs II

Lemma

The graphs classify K orbits in X

X{K » X {BK
oo »

T
» // Gppp, qq, rq

Q Q Q

BK ¨ rτ s oo �
τ
� // Γpτq
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Description of K orbits on X Orbital invariants: a˘pτq, bpτq, cpτq & Rpτq “ pri,j pτqq

Orbital invariants: a˘pτq, bpτq, cpτq & Rpτq “ pri ,jpτqq I

For the graph Γpτq we define:

degree of vertices: deg i˘ :“ 0, 1, 2 (depending on NO [edges/marks], edges, marked resp.)

a˘pτq :“ #tpi˘, j˘q | i ă j & degpi˘q ă degpj˘qu

bpτq :“ #tedgesu

cpτq :“ #tcrossingsu

ri,j pτq :“ #Edges ` #Marks within vertices among 1` ď k` ď i` & 1´ ď ℓ´ ď j´

Rpτq :“
`

ri,j pτq
˘

0ďiďp, 0ďjďq
P Mp`1,q`1 : the rank matrix

decomposition V`
p “ t1, . . . , pu “ I \ L \ L1:

I (resp. L, resp. L1) denotes the set of elements i P t1, . . . , pu such that i` is a vertex of
Γpτq of degree 1 (resp. 2, resp. 0)

Similar decomp V´
q “ t1, . . . , qu “ J \ M \ M 1:

J (resp. M, resp. M 1) consists of the elements j such that j´ has degree 1 (resp. 2, resp. 0)

Let σ : J Ñ I be the bijection defined by σpjq “ i if pi`, j´q is an edge in Γpτq.
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Description of K orbits on X Orbital invariants: a˘pτq, bpτq, cpτq & Rpτq “ pri,j pτqq

Orbital invariants: a˘pτq, bpτq, cpτq & Rpτq “ pri ,jpτqq II

Example

Let τ be as in (4):

τ “
´

τ1
τ2

¯

“

ˆ

e2 e4 e5 0
e3 e1 0 e2

˙

ù Γpτq “

‚ ‚ ‚ ‚ ‚

1` 2` 3` 4` 5`

‚ ‚ ‚

1´ 2´ 3´

then,

a`pτq “ 7, a´pτq “ 1, bpτq “ 2, cpτq “ 1, Rpτq “

¨

˚

˚

˚

˚

˚

˝

0 0 1 1
0 0 1 1
0 0 1 2
0 0 1 2
0 1 2 3
1 2 3 4

˛

‹

‹

‹

‹

‹

‚

I “ t2, 4u, L “ t5u, L1 “ t1, 3u,

J “ t1, 3u, M “ t2u, M 1 “ H, σ “

ˆ

1 3
4 2

˙

P BijpJ, I q.
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Description of K orbits on X Dimensions and closure relations of Orbits

Dimensions and closure relations of Orbits I

Recall a based point prτ s,F`
0 ,F´

0 q in X “ Grr pV q ˆ FℓpV`q ˆ FℓpV´q.

Theorem

Denote a K orbit in X by Oτ :“ K ¨ prτ s,F`
0 ,F´

0 q

1 dimOτ “
ppp ´ 1q

2
`

qpq ´ 1q

2
` a`pτq ` a´pτq `

bpτqpbpτq ` 1q

2
` cpτq.

2 Oτ “ tpW ,F`,F´q | dimW X pF`
i ` F´

j q “ ri,j pτq

@pi , jq P t0, . . . , pu ˆ t0, . . . , quu

.

3 Oτ Ă Oτ 1 ðñ ri,j pτq ě ri,j pτ
1q @pi , jq P t0, . . . , pu ˆ t0, . . . , qu.

We can describe the cover relation of the closure of orbits, which is not given today. See our
recent preprint Fresse-N arXiv:2103.08460 [2] for details.

However, we have

Corollary

Oτ 1 covers Oτ ùñ dimOτ 1 “ dimOτ ` 1
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Description of K orbits on X Dimensions and closure relations of Orbits

Dimensions and closure relations of Orbits II

Figure: Closure relations of K orbits for p “ q “ r “ 2
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Description of K orbits on X The number of orbits

The number of orbits I

Let pk, s, tq be nonnegative integers s.t.

p ě k ` s, q ě k ` t, r “ k ` s ` t

Put s 1 “ p ´ k ´ s & t1 “ q ´ k ´ t

Consider a subgroup Hk,s,t Ă SpˆSq :

Hk,s,t “ tpa1, a2, a3; a1, b2, b3q P pSkˆSsˆSs1 qˆpSkˆStˆSt1 qu

– ∆SkˆSsˆSs1 ˆStˆSt1 ,

where ∆Sk Ă S2
k stands for the diagonal subgroup

Theorem

The total number of K-orbits in X is given by

#X{K “
ÿ

pk,s,tq

dim Ind
SpˆSq

Hk,s,t
1 “

ÿ

pk,s,tq

´ p

k, s, s 1

¯´ q

k, t, t1

¯

k!,

where the sums are running over triples pk, s, tq given above.
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Hecke algebra action

Hecke algebra action I

D standard way to define Hecke algebra action of H “ H pK ,BK q on the DFV X by the
convolution product:

K{BKˆK{BKˆG{P

p12

��

p23

��
K{BKˆK{BK K{BKˆG{P “ X

However, we prefer a simpler picture

K ˆBK
G{P

p1

��

p2

��
K{BK G{P “ X

More generally, if X is a spherical K -variety, Hecke algebra actions are considered by
Mars-Springer [7] and Knop [6].
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Hecke algebra action Calculation over finite fields

Calculation over finite fields I

To get an explicit formula of the action of H , we follow the old recipe of Iwahori [5]:

Let us consider everything over a finite field F (of characteristic p, say1).

Summary of the notations (ignore the first column):

G K GLppFq ˆ GLqpFq

H BK BppFq ˆ BqpFq

W WK Sp ˆ Sq
X G{P GLnpFq{Ppr,n´rqpFq » Grr pFnq

T T “ BK zG{P Tpp,q;rq

si “ pi , i ` 1q: simple reflection (a transposition in WK ), &
Ti “ Tsi : corresp generator in H

Recall pairs of partial permutations τ “
´

τ1
τ2

¯

P T “ T{Sr of full rank r

τ is identified with its image rτ s P X “ Grr pFqq (thus we often omit r s below)

Let Oτ “ BK ¨ τ be a BK -orbit of the Grassmannian X
ξτ denotes the characteristic function of the orbit Oτ

We are interested in Ti ˚ ξτ for τ P T.

1This conflicts with our notation pp, q, rq.
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Hecke algebra action Orbit multiplications

Orbit multiplications I

As in the above, τ P T is often identified with a graph with two kinds of vertices V`
p and V´

q of p
and q elements respectively which are equipped with several markings and edges.

Lemma

A double coset BK siBK generates at most two BK orbits on the Grassmannian X “ Grr pFnq.
Namely we have

BK siBK ¨ τ “

$

’

&

’

%

BK siτ “ BK τ if siτ “ τ case (I)

BK siτ Y BK τ if siτ ‰ τ and τ is in case (II)

BK siτ if siτ ‰ τ and τ is in case (III)

where

case (I): i , i ` 1 are both of degree 0 (isolated) or both of degree 2 (marked)

case (II): degτ piq ă degτ pi ` 1q or i , i ` 1 are end points of edges with crossing

case (III): degτ piq ą degτ pi ` 1q or i , i ` 1 are end points of edges without crossing
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Hecke algebra action Explicit action of Hecke algebra on the double flag variety

Explicit action of Hecke algebra on the double flag variety I

By Lemma 10, we get

Ti ˚ ξτ “ α ξτ ` β ξsiτ

for some coefficients α, β P Q (one of which might be zero).
Explicit calculations of the convolution product tells us

α “
#

`

KτBK X BK siBK

˘

#BK

β “
#

`

siKτBK X BK siBK

˘

#BK

where Kτ “ StabK prτ sq “ K X Prτs is the stabilizer of rτ s P X .
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Hecke algebra action Conclusion

Conclusion I

Theorem

Denote q “ #F, the number of elements in F, then the action of the generators in
H “ H pK ,BK q is given by

Ti ˚ ξτ “

$

’

&

’

%

q ξτ psiτ “ τq Case (I)

pq ´ 1q ξτ ` q ξsiτ psiτ ‰ τq Case (II)

ξsiτ psiτ ‰ τq Case (III)

they satisfy the Hecke algebra relations:

pTs ` 1qpTs ´ qq “ 0 (3.1)

Tww 1 “ TwTw 1 if ℓpww 1q “ ℓpwq ` ℓpw 1q (3.2)

If we specialize q “ 1, then the Hecke alg rep goes down to that of the Weyl group

WK “ Sp ˆ Sq . It’s just a permutation on the vertices of the graphs.

Thus we get
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Hecke algebra action Conclusion

Conclusion II

Corollary

The representation of WK “ Sp ˆ Sq on CrX{K s is isomorphic to
à

pk,s,tq

Ind
SpˆSq

Hk,s,t
1

where pk, s, tq moves over
p ě k ` s, q ě k ` t, r “ k ` s ` t

and

Hk,s,t » ∆SkˆSsˆSs1 ˆStˆSt1 ,

with s 1 “ p ´ pk ` sq & t1 “ q ´ pk ` tq.
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Generalized/Exotic Steinberg theory

Generalized/Exotic Steinberg theory I

We can describe the basis of the representation by Young tableaux through gener-
alized/exotic Steinberg map

(Fresse-N, 2020 IMRN and Contemp. Math. [1, 3]).

Recall the double flag variety (in a broader context)

X “PG ˆBK , PG “ G{P, BK “ K{BK

As usual, we identifyPG “ G{P with the set of parabolic subalgs p1
conj
„ p “ Lie pPq.

Then the cotangent bundle overPG :

T˚PG “ tpp1, xq | p1 PPG , x P up1u » G ˆP up,

where up “ nilradicalppq

The moment map:

µPG
: T˚PG

// Ng “ pnullconeq p2nd projq

Q Q

pp1, xq
� // x

wrt a standard symplectic structure on T˚PG .
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Generalized/Exotic Steinberg theory

Generalized/Exotic Steinberg theory II

Similarly, we have the moment map

µBK
: T˚BK “ tpq1, yq | q1 PBK , y P uq1u Ñ Nk, µBK

pq1, yq “ y

Definition

Y :“ T˚PG ˆNk
T˚BK : fiber product over nilpotent var Nk:

Y “ T˚PGˆNk
T˚BK

p2

��

p1 //

φθ

%%

T˚PG Q pp1, xq

µPG

��
Ng Q x

prk
��

pq1, yq P T˚BK

´µBK // Nk Q ´y “ xθ

We call Y “ YX the conormal variety for the double flag variety X.
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Generalized/Exotic Steinberg theory

Generalized/Exotic Steinberg theory III

Fact

1 Let µX : T˚X Ñ k be the moment map on T˚X.
Then Y » µ´1

X p0q is the null fiber.

2 Y is a disjoint union of the conormal bundles: Y “
š

OPX{K T˚
O X

3 Y “
Ť

OPX{K T˚
O X gives the irred decomp

the diagonal map in the fiber product: φθ : Y Ñ Nk:

φθppp1, xq, pq1, yqq “ xθ “ ´y for ppp1, xq, pq1, yqq P Y.

we need another map

φ´θppp1, xq, pq1, yqq “ x´θ “ x ` y for ppp1, xq, pq1, yqq P Y.

ù
φθ the generalized Steinberg map and Imφθ Ă Nk

φ´θ the exotic Steinberg map and Imφ´θ Ă Ns
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Generalized/Exotic Steinberg theory

Generalized/Exotic Steinberg theory IV

π : T˚X Ñ X : bundle map ù K -equiv double fibration

Y “ T˚BKˆNθT˚PG

π

{{

φ˘θ

##
X “BK ˆPG N˘θ

Here N θ “ Nk, N´θ “ Ns. Using this diagram, we define orbit maps

Φ˘θ : X{K // N˘θ{K

Q Q

O � // O

by φ˘θpπ´1pOqq “ O,

where O is a K -orbit in X and O is a nilpotent K -orbit in N˘θ.

Since π´1pOq “ T˚
O X, Φ˘θpOq “ O ðñ φ˘θpT˚

O Xq “ O.

Thus Φ˘θ is a map from irred compnts of Y to nilpotent K orbits (in k or s).

Φθ called the generalized Steinberg map and

Φ´θ called the exotic Steinberg map.
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Classical Steinberg map and RS correspondence (review)

Classical Steinberg map and RS correspondence (review) I

Consider a special but also general case, G “ K & P “ Q “ B

Then X “ G{B ˆ G{B “BG ˆBG , whereBG “ G{B is the full flag variety.

1 X{G » BzG{B » WG via Bruhat decomp

2 Steinberg map: Φ : WG Ñ Ng{G .

3 Ow : G -orbit through pB,wBq P X pw P WG q

4 Yw :“ π´1pOw q is an irreducible component of the variety Y (called Steinberg variety, in
this setting).

5 We get φpYw q “ Oλ Ă Ng: the closure of a nilpotent orbit ù Φ : WG Ñ Ng{G

When G “ GLn “ GLnpCq :

WG “ Sn & Ng{G » Ppnq (partitions) via Jordan normal form

ù the Steinberg map:

Φ : Sn Q w ÞÑ λ P Ppnq.

Here the Robinson-Schensted correspondence enters
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Classical Steinberg map and RS correspondence (review)

Classical Steinberg map and RS correspondence (review) II

RS : Sn
„

ÝÝÝÑ
ž

λPPpnq

tpT1,T2q | Ti P STabλu,

where STabλ denotes the set of standard tableaux of the shape λ.

Theorem (Steinberg [9])

The Steinberg map

Φ : Sn Q w ÞÑ λ P Ppnq

defined by φpYw q “ Oλ factors through the Robinson-Schensted correspondence.

Sn

Φ

))

„

RS
// š

λPPpnq

tpT1,T2q | Ti P STabλu

��

Q pT1,T2q_

��
Ppnq Q λ “ shapepTi q
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Generalized RS correspondence for type AIII

Generalized RS correspondence for type AIII I

Recall T “ T{Sr » X{K : pairs of partial permutations classifying K orbits on X.

This looks like Sn in classical case and there exists a generalized RS correspondence to pairs of

standard tableaux with decorations.

Notation

Define λ1 Ă̈ λ ðñ λ1 Ă λ & the skew tableau λ{λ1 is column strip

Ppnq :“ tλ $ nu: the set of partitions of n

Theorem (gen RS correspondence)

D combinatorial bijection between the pairs of partial permutations and pairs of decorated
standard tableaux:

T
»

ÝÝÝÑ
ğ

pλ,µqPPppqˆPpqq

Tλ,µ

where Tλ,µ “ tpT1,T2;λ1, µ1; νq satisfying p˚q & p˚˚q belowu

p˚q pT1,T2q P STabpλq ˆ STabpµq

p˚˚q ν Ă̈ λ1 Ă̈ λ, ν Ă̈ µ1 Ă̈ µ & |λ1| ` |µ1| “ |ν| ` r .
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Generalized RS correspondence for type AIII

Generalized RS correspondence for type AIII II

As before, we get a commutative diagram

X{K » Tpp,q;rq{Sr

Φθ

))

„

genRS
// š

pλ,µqPPppqˆPpqq

Tλ,µ

��

Q pT1,T2;λ1, µ1; νq_

��
Pppq ˆ Ppqq Q pλ, µq

This diagram actually commutes with the Weyl group representations i.e.,

the fiber of a nilpotent orbit Opλ,µq Ă Nk inherits a structure of Weyl group
representations (Springer correspondence)

However, we don’t know a rigorous geometric reason of this phenomenon
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Thanks

Thank you for your attention!!

End of Talk
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Appendix:

Appendix: I

Two Appendices follows:

Table of generalized/exotic Steinberg maps for p “ q “ r “ 2

Recipe of generalized RS correspondence
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Appendix: Table for p “ q “ r “ 2

Table for p “ q “ r “ 2: K “ GL2 ˆ GL2
ñ X “ Gr2pC4q ˆ P1 ˆ P1

Table of Steinberg maps for τ P T » X{K (p “ q “ r “ 2)

Generalized Steinberg map: ΦθpOτ q “ Opλ,µq for pair of Young diagrams pλ, µq

Exotic Steinberg map: Φ´θpOτ q “ OΛ for signed Young diagram Λ

Γpτq

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

λ, µ , , , , , , , ,

Λ
`
`
´
´

` ´
`
´

` ´
´ `

´ `
`
´

` ´
`
´

` ´
`
´

` ´
´ `

´ `
`
´

Γpτq

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

λ, µ , , , , , , , ,

Λ
´ `
`
´

` ´
` ´

` ´
´ `

` ´
´ `

´ `
´ `

` ´
` ´

` ´
´ `

´ `
´ `
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Appendix: Recipe for gen RS correspondence

Recipe for gen RS correspondence I

Some notations:

classical RS correspondence: RSpσq “ pRS1pσq,RS2pσqq P STab2ν

jeu de taquin of skew tableau: T ˚ S for two standard tableaux, e.g.,

1 3
6

˚
2 4 5
7

“ Rect

¨

˚

˝

2 4 5
7

1 3
6

˛

‹

‚

“
1 2 4 5
3 7
6

.

rLs, rL1s, rMs, rM 1s denotes vertical std tableaux whose entries are from L, L1,M,M 1
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Appendix: Recipe for gen RS correspondence

Recipe for gen RS correspondence II

Recipe

genRSpτq “ pT1,T2;λ1, µ1; νq, where

pT1,T2, λ
1, µ1, νq “

´

rLs ˚ RS1pσq ˚ rL1s, rMs ˚ RS2pσq ˚ rM 1s,

shapeprLs ˚ RS1pσqq, shapeprMs ˚ RS2pσqq, shapepRS1pσqq
¯

pT1,T2q P STabλ ˆ STabµ

partitions λ1, µ1, ν with ν Ă̈ λ1 Ă̈ λ, ν Ă̈ µ1 Ă̈ µ, and |λ1| ` |µ1| “ |ν| ` r .

Tλ,µ “ pcollections of pT1,T2, λ
1, µ1, νq aboveq

ù bijection between the fiber pΦθq´1pOpλ,µqq and Tλ,µ.
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Appendix: Recipe for gen RS correspondence

Recipe for gen RS correspondence III

Example

Recall the example τ before:

τ “
´

τ1
τ2

¯

“

ˆ

e2 e4 e5 0
e3 e1 0 e2

˙

ù Γpτq “

‚ ‚ ‚ ‚ ‚

1` 2` 3` 4` 5`

‚ ‚ ‚

1´ 2´ 3´I “ t2, 4u, L “ t5u, L1 “ t1, 3u,

J “ t1, 3u, M “ t2u, M 1 “ H, σ “

ˆ

1 3
4 2

˙

P BijpJ, I q.

genRSpτq “ pT1,T2, λ
1, µ1, νq “

˜

1 3
2
4
5

, 1 3
2

, , ,

¸

.
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